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Abstract 

We strengthen the local-global compatibility of Langlands correspon- 
dences for GL„ in the case when n is even and I 7^ p. Let L be a CM field 
and IT be a cuspidal automorphic representation of GL n (Ai) which is con- 
jugate self-dual. Assume that IToo is cohomological and not "slightly reg- 
ular", as defined by Shin. In this case, Chenevier and Harris constructed 
an i-adic Galois representation Ri(Tl) and proved the local-global com- 
patibility up to semisimplification at primes v not dividing I. We extend 
this compatibility by showing that the Frobenius semisimplification of the 
restriction of Ri(Tl) to the decomposition group at v corresponds to the 
image of II„ via the local Langlands correspondence. We follow the strat- 
egy of Taylor- Yoshida, where it was assumed that IT is square-integrable 
at a finite place. To make the argument work, we study the action of 
the monodromy operator N on the complex of nearby cycles on a scheme 
which is locally etale over a product of semistable schemes and derive a 
generalization of the weight-spectral sequence in this case. We also prove 
the Ramanujan-Petersson conjecture for IT as above. 



I Introduction 

In this paper, we aim to strengthen the local-global compatibility of the Lang- 
lands correspondence. 

Theorem 1.1. Let n G Z>2 be an integer and L be any CM field with complex 
conjugation c. Let I be a prime o/Q and Li be an isomorphism : Q; — > C. Let 

II be a cuspidal automorphic representation o/GL„(Al) satisfying 

• n v ~ n o c 

• II is cohomological for some irreducible algebraic representation S of GL n (L®^ 
C). 

Let 

RiQl) : Gal(L/L) -> GL n (Q t ) 
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be the Galois representation associated to II by [ShS, CHJ. Let p ^ I and let y be 
a place of L above p. Then we have the following isomorphism of Weil-Deligne 
respresentations 

Here C n ,L y (n y ) is the image of H y under the local Langlands correspondence, 
where the geometric normalization is used. 

In the process of proving Theorem 1.1, we also prove the Ramanujan-Petersson 
conjecture for II as above. 

Theorem 1.2. Let n 6 Z> 2 be an integer and L be any CM field. Let U be a 
cuspidal automorphic representation o/GL„(Al) satisfying 

• n v ~no C 

• FIoo is cohomological for some irreducible algebraic representation 5 of 
GL n (L ® Q C). 

Then U is tempered at any finite place of L. 

The above theorems are already known when n is odd or when n is even 
and II is slightly regular, by work of Shin [Sh3]. They are also known if II is 
square integrable at a finite place, by the work of Harris- Taylor [HT] and Taylor- 
Yoshida [TY] . If n is even then Chenevier and Harris construct in [CH] a global 
Gal(i/L)-representation Ri(U) which is compatible with the local Langlands 
correspondence up to semisimplification. We extend the local-global compat- 
ibility up to Frobenius semisimplification, by proving that both Weil-Deligne 
representations are pure. We use Theorem 1.2 to deduce that l^ 1 L n ^ v (n^) is 
pure. For the representation WD(Ri(H)\ Gal ^i y ^ L ^), our strategy is as follows: 
we find the Galois representation i?;(n)® 2 in the cohomology of a system of 
Shimura varieties Xjj associated to a unitary group which looks like 

U{l,n- 1) x [/(l,n-l) x U(0,n) d - 2 

at infinity. Following the same structure of argument as Taylor- Yoshida in [TY] , 
we prove that the Weil-Deligne representation associated to 

Rl{^) m \Gal(L y /L) 

is pure by explicitly computing the action of the monodromy operator N on the 
cohomology of the system of Shimura varieties. We use Theorem 1.2 at a crucial 
point in the computation. We conclude that WD(Ri(Ii)\ Gal (i y / L ^) F ~ ss must 
also be pure. 

We briefly outline our computation of the action of N on the Weil-Deligne 
representation associated to -Ri(n)® 2 |Q a i^ y L y First, we base change II to a 
CM field F 1 such that there is a place p of F 1 above the place y of L where 
BCpi /l(TV)p has an Iwahori fixed vector. It suffices to study the Weil-Deligne 
representation corresponding to n° = BC F * / L (II) and prove that it is pure. 
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We then take a quadratic extension F of F 1 which is also a CM field and in 
which the place p splits p = pip 2 - We let a <G Gal(F/F') be the automorphism 
which sends pi to p 2 . We choose F and F' such that they contain an imaginary 
quadratic field E in which p splits. We take a Q-group G which satisfies the 
following: 

• G is quasi-split at all finite places. 

• G(R) has signature (l,n — 1) at two embeddings which differ by a and 
(0, n) everywhere else. 

• G(A E ) ~ GL^Ae) x GL n (A F ). 

We let II 1 = BCf/f'(R )- Then the Galois representation Ri(U°) can be seen 
in the n 1 '°°-part of the (base change of the) cohomology of a system of Shimura 
varieties associated to G. We let Xjj be the inverse system of Shimura varieties 
associated to the group G. We let the level U vary outside pip 2 and be equal 
to the Iwahori subgroup at pi and p 2 . We construct an integral model of Xjj 
which parametrizes abelian varieties with Iwahori level structure at pi and p 2 . 
By abuse of notation, we will denote this integral model by Xjj as well. The 
special fiber Yjj of Xy has a stratification by Y\j,s,t where the S,TC{l r ..n) 
are related to the Newton polygons of the p-divisible groups above pi and p 2 . 
We compute the completed strict local rings at closed geometric points of Xjj 
and use this computation to show that Xjj is locally etale over a product of 
semistable schemes, which on the special fiber are closely related to the strata 
Yjj,s,t- If we let Au be the universal abelian variety over Xjj, then Ajj has the 
same stratification and the same geometry as Xjj. 

Let £ be an irreducible algebraic representation of G over Q;, which deter- 
mines non-negative integers t^,m^ and an endomorphism 6 'End(A u !i /Xjj)®j, 
Q. We are interested in understanding the II 1 ' 00 -part of 

H^Xu,Ci) = a c ff' +m «(.4?«, 

Thus, we study the cohomology of the generic fiber W (A^ s , Qi) and we do 
so via the cohomology of the complex of nearby cycles RtpQi over the special 
fiber of A™^ . The key ingredients in studying the complex of nearby cycles 
together with the action of monodromy are logarithmic schemes, the weight 
spectral sequence as constructed by Saito [Sa2] (which on the level of complexes 
of sheaves describes the action of monodromy on the complex of nearby cycles 
for semistable schemes), and the formula 

when X\ and X 2 are semistable schemes. Using these ingredients, we deduce 
the existence of two spectral sequences which end up relating terms of the form 
Hi(Au € ST ,Qi) (up to twisting and shifting) to the object we're interested in, 
H i {A^ , Qi ) . The cohomology of each stratum W (A™ e s T ,Qi) is closely related 
to the cohomology of Igusa varieties. The next step is to compute the IT 1 ' 00 -part 
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of the cohomology of certain Igusa varieties, for which we adapt the strategy of 
Theorem 6.1 of [Sh3]. Using the result on Igusa varieties, we prove Theorem 1.2 
and then we also make use of the classification of tempered representations. We 
prove that the n 1 ' 00 -part of each H j (A™^ T ,Qi) vanishes outside the middle 
dimension and thus that both our spectral sequences degenerate at E\ . The E\ 
page of the second spectral sequence provides us with the exact filtration of the 
n^°°-part of 

limtf 2 "- 2 ^,^) 

UP 

which exhibits its purity. 

Acknowledgement. I am very grateful to my advisor, Richard Taylor, for sug- 
gesting this problem and for his constant encouragement and advice. I am 
also greatly indebted to Luc Illusie, Sophie Morel, Arthur Ogus, Sug Woo Shin 
and Teruyoshi Yoshida for their help in completing this work. I am grateful to 
David Geraghty and Jack Thorne for useful conversations. Finally, I would like 
to thank Sophie Morel and Sug Woo Shin for providing comments on an earlier 
draft of this paper. 

2 An integral model 
2.1 Shimura varieties 

Let E be an imaginary quadratic field in which p splits, let c be the non-trivial 
element in Gal(E/Q] and choose a prime u of E above p. 

Let Fi be a totally real field of finite degree over Q and w a prime of Fi above 
p. Let F2 be a quadratic totally real extension of F\ in which w splits w — w\w 2 . 
Let d = [F2 : Q] and we assume that d > 3. Let F — F 2 .E. Let pi be the prime 
of F above Wi and u for i = 1, 2. We denote by pi for 2 < i < r the rest of the 
primes which lie above the prime u of E. We choose embeddings n : F <-> C 
with z = l,2 such that t 2 — t\ o a, where a is the element of Gal(F/Q) which 
takes pi to p 2 - In particular, this means that te := t\\e — t 2 \e is well-defined. 
By abuse of notation we will also denote by a the Galois automorphism of F 2 
taking w\ to w 2 - 

We will work with a Shimura variety corresponding to the PEL datum 
(F, *, V, (•,•}, h), where F is the CM field defined above and * = c is the in- 
volution given by complex conjugation. We take V to be the F- vector space F n 
for some integer n. The pairing 

(-,-):VxV->Q 

is a non-degenerate Hermitian pairing such that {fvi 1 v 2 ) — (vi,f*v 2 ) for all 
/ G F and v\,v 2 € V. The last element we need is an R-algebra homomorphism 
h : C — >• Endi?(F) ®q R such that the bilinear pairing 

(vi,v 2 ) ->■ (vi,h(i)v 2 ) 
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is symmetric and positive definite. 

We define an algebraic group G over Q by 

G(R) = {(g, A) e End F ® QR (V <g> Q R) x R x \ (gv 1 ,gv 2 ) = X(vi,v 2 }} 

for any Q-algebra R. For a e Hom£ ;TE (.F, C) we let (j> a ,q a ) be the signature 
at cr of the pairing (•, •} on V ®q K. We claim that we can find a PEL datum 
as above, such that (p T ,q T ) = 1) for r = n or r 2 and {p Tl q T ) = (0,n) 

otherwise and such that Gq^ is quasi-split at every finite place v. 

Lemma 2.1. Lei F be a CM field as above. For any embeddings ti,t 2 : F <— >• C 
i/iere existe a PiJL datum (F, *, V, (•, •), ft) as a&cwe suc/i i/iai i/ie associated group 
G is quasi-split at every finite place and has signature (l,n — 1) at n and t 2 
and (0, n) everywhere else. 

Proof. This lemma is standard and follows from computations in Galois coho- 
mology found in section 2 of [Cll], but see also lemma 1.7 of [HT]. The problem 
is that of constructing a global unitary similitude group with prescribed local 
conditions. It is enough to consider the case of a unitary group G° over Q, 
by taking it to be the algebraic group defined by ker(G(R) — > R x ) sending 
(.9, A) i ^ A. 

A group G defined as above has a quasi-split inner form over Q denoted G n , 
defined as in section 3 of [Sh3]. This inner form G n is the group of similitudes 
which preserve the non-degenerate Hermitian pairing (v\,V2) — UiC^*^2 with 
$ G GL n (Q) having entries 

and C e F* an element of trace 0. Let G' be the adjoint group of G° . It suffices 
to show that the tuple of prescribed local conditions, classified by elements in 
® V H 1 (F2, V ,G') is in the image of 

H 1 {F 2 ,G')^® V H 1 {F 2 ^G'), 

where the sum is taken over all places v of F 2 . For n odd, Lemma 2.1 of [Cll] 
ensures that the above map is surjective, so there is no cohomological obstruction 
for finding the global unitary group. For n even the image of the above map is 
equal to the kernel of 

0i/ 1 (F 2 ,„,G') ^Z/2Z. 

V 

We can use Lemma 2.2 of [Cll] to compute all the local invariants (i.e. the 
images of 7? 1 (F 2 ^, G 1 ) — >• Z/2Z for all places v). At the finite places, the sum of 
the invariants is (mod 2) (this is guaranteed by the existence of the quasi-split 
inner form G n of G, which has the same local invariants at finite places). At 
the infinite places n and r 2 the invariants are f + 1 (mod 2) and at all other 
infinite places they are ^ (mod 2). The global invariant is ^ + 2 (mod 2), 
where d is the degree of F 2 over Q. Since d is even, the image in Z/2Z is equal 
to (mod 2), so the prescribed local unitary groups arise from a global unitary 
group. □ 
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We will choose the M-homomorphism h :C — >■ Endir(l^)<8>QK such that under 
the natural M-algebra isomorphism EndpiV^ ~ J^tI =r ^/"(Q it equals 



2/ Pt 




where r runs over elements of Hom£, TE C). 

Now that we've defined the PEL datum we can set up our moduli problem. 
Note that the reflex field of the PEL datum is F' = F\ ■ E. Let S/F' be 
a scheme and A/S an abelian scheme of dimension dn. Suppose we have an 
embedding i : F End(A) Q. LieA is a locally free Og-module of rank 
dn with an action of F. We can decompose LieA = Lie + A © Lie~A where 
Lie + A = LieA <8>o s ®-E ®S and the map E >• F' — > is the natural map 
followed by the structure map. Lie~A is defined in the same way using the 
complex conjugate of the natural map E <^-> F' . We ask that Lie + A be a free 
Cs-module of rank 2 and that h\e + A ~ Os ®F t F2 as an Os-module with an 
action of F2. 

Definition 2.2. If the the conditions above are satisfied, we will call the pair 
(A, i) compatible. 

Remark. This is an adptation to our situation of the notion of compatibility de- 
fined in section III.l of [HT], which fulfills the same purpose as the determinant 
condition defined on page 390 of [Kol]. 

For an open compact subgroup U C G(A°°) we consider the contravariant 
functor Xu mapping 

Connected, locally noetherian 
F'-schemes with geometric point ] — > (Sets) 
(S,s) 

(S, s) {(A, X,i,fj)}/ < 

where 

• A is an abelian scheme over S; 
A : A — > A v is a polarization; 



i : F End (A) = EndA <g> z Q is such that (A,i) is compatible and 
A o i(f) = i(f*) y o A, for all / 6 F; 

• fj is a 7Ti(5, s)-invariant {7-orbit of isomorphism of Hermitian F ®q A°°- 
modules 

r, : V ® Q A°° -> 

which take the fixed pairing (•, •) on y to on (A°°) x -multiple of the A- Weil 
pairing on VA S . Here, 



VA S = (limA[JVp(«))) ®z< 
is the adelic Tate module. 
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We consider two quadruples as above equivalent if there is an isogeny between 
the abelian varieties which is compatible with the additional structures. If s' 
is a different geometric point of S then there is a canonical bijection between 
Xu(S,s) and Xjj(S,s'). We can forget about the geometric points and extend 
the definition from connected to arbitrary locally noetherian F'-schemes. When 
U is sufficiently small, this functor is representable by a smooth and quasi- 
projective Shimura variety Xu/F 1 of dimension In — 2 (this is explained on 
page 391 of [Kol]). As U varies, the inverse system of the Xu has a natural 
right action of G(A°°). 

Let Au be the universal abelian variety over Xjj. The action of G(A°°) on 
the inverse system of the Xu extends to an action by quasi-isogenies on the 
inverse system of the Au- The following construction goes through as in section 
III. 2 of [HT]. Let I be a rational prime different from p and £ an irreducible 
algebraic representation of G over Q" c . This defines a lisse Q" c -sheaf over 
each Xu and the action of G(A°°) extends to the inverse system of sheaves. The 
direct limit 

H l (X,C u ) = lim H\Xu x F , F',C U ) 

is a (semisimple) admissible representation of G(A°°) with a continuous action 
of Gal(F'/F'). We can decompose it as 

H i (X,Cu) = ©t®4,(7t) 

where the sum runs over irreducible admissible representations tt of G(A°°) 
over Q" c . The ^ir) are finite dimensional continuous representations of 
Gal(F'/F') over Qf c . We shall suppress the I from C^.i and R\ i(n) where 
it is understood from context. To the irreducible representation £ of G we can 
associate as in section III. 2 of [HT] non-negative integers and and an 
idempotent G Q[<S m5 ] (where S m( is the symmetric group on letters). As 
on page 476 of [TY], define for each integer N > 2, 

e(m,,N) = fj II e QP^T*]. 

where [N] x denotes the endomorphism generated by multiplication by N on the 
ir-th factor and y ranges from to 2[i<2 : Q]n 2 but excluding 1. Set 

ae = a £i jv = e^P(e(mj, N)), 

which can be thought of as an element of End(^l™ 4 /Xu)®zQ- Here P(e(m^, N j) 
is the polynomial 

P(X) = ((X - i) 4 ™- 3 + i) 4 "- 3 . 

If we let proj : A™ ( — > Xu be the natural projection, then e(m^,N) is an 
idempotent on each of the sheaves J? J 'proj„Qi(t^), hence also on 

H\X V x F , F',Ri pro j*Qi(k)) => H i+ \A^ x F , F',%^)). 
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We get an endomorphism e(m^ 7 N) of iJ l+:, („4,™ 5 Xp' F',Qi(t^)) which is an 
idempotent on each graded piece of a filtration of length at most An — 3. In this 
case, P(e(m£,N)) must be an idempotent on all of H l+j (A™ ( x pi F',Qi(t^)). 
We have an isomorphism 

W(Xu x F > F',Ci) = a ( H i+m t(A™ ( x F , F',%(t 6 )), 
which commutes with the action of G(A°°). 

2.2 An integral model for Iwahori level structure 

Let K = F Pl ~ F P2 , where the isomorphism is via a, denote by Ok the ring of 
integers of K and by 7r a uniformizer of Ok ■ 

Let S/Ok be a scheme and A/S an abelian scheme of dimension dn. Suppose 
we have an embedding i : Op ^ End(A) <E>z ^( P )- LieA is a locally free 0$- 
module of rank dn with an action of F. We can decompose lAeA = Lie + ^4 © 
Lie~^4 where Lie + A = LieA® Zp <g,0 E Op iU . There are two natural actions of Op 
on Lie + A via Op — > Of p . —> Ok composed with the structure map for j = 1, 2. 
These two actions differ by the automorphism a 6 Gal(F/Q). There is also a 
third action via the embedding i of Of into the ring of endomorphisms of A. 
We ask that Lie + ^4 be locally free of rank 2, that the part of Lie + A where the 
first action of Of on Lie + A coincides with i be locally free of rank 1 and that 
the part where the second action coincides with i also be locally free of rank 1. 

Definition 2.3. If the above conditions are satisfied, then we call (A, i) com- 
patible. One can check that for S/ K this notion of compatibility coincides with 
the one in Definition 2.2. 

If p is locally nilpotent on S then (A, i) is compatible if and only if 

• A[p°°] is a compatible, one-dimensional Barsotti-Tate O^-module for i = 
1,2 and 

• A[p°°] is ind-etale for i > 2. 

We will now define a few integral models for our Shimura varieties Xjj . We can 
decompose G(A°°) as 

r 

G(A°°) = G(A°°*) x Q; x ]jGL n (F Pi ). 

i=i 

For each i, let Aj be an Of p -lattice in F„. which is stable under GL n (Op p .) 
and self-dual with respect to (•,•). For each m = (mi, . . . , m r ) and compact 
open U p C G(A°°' P ) we define the compact open subgroup U p (m) of G(A°°) as 

r 

U"(m) =Px z; x Y[kcr(GLo Fpi (A 4 ) GL 0f ^ (AJm^AJ). 

i=l 
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The corresponding moduli problem of sufficiently small level U p {fh) over Ok is 
given by the functor 



• A is an abelian scheme over S; 

• A : A — >• A v is a prime-to-p polarization; 

• i : Of >• End(A) ®z Z( p ) such that (A, i) is compatible and A o i{f) = 



• rf is a 7Ti(5, s)-invariant £/ p -orbit of isomorphisms of Hermitian F <g)Q 
A°°'P-modules 



which take the fixed pairing (•, •) on V to an (A°°' p ) x -multiple of the A- 
Weil pairing on VA S . Here V P A S is the adelic Tate module away from 

p; 

• for i = 1,2, a, : pr m *A 4 /Aj -> A[p™*] is a Drinfeld p™*-structure; 

• for i > 2, Qj : (p i _ " li A i /A) -3- -A[p™*] is an isomorphism of S'-schemes with 
Of p . -actions; 

• Two tuples (A, A, i, ff, {a.i}1 =1 ) and (A' , A', i', (f; p ) , {a^}[ =1 are equivalent 
if there is a prime-to-p isogeny A — > A' taking A, i, ?y p , a, to 7A', i', (?7 P ) , a- 
for some 7 G . 

This moduli problem is representable by a projective scheme over Ok, which will 
be denoted Xjj p ^. The projectivity follows from Theorem 5.3.3.1 and Remark 
5.3.3.2 of [Lan]. If mi = = this scheme is smooth as in Lemma III. 4. 1.2 of 
[HT] , since we can check smoothness on the completed strict local rings at closed 
geometric points and these are isomorphic to deformation rings for p-divisible 
groups (with level structure only at pj for i > 2, when the p-divisible group is 
etale). Moreover, if mi = m 2 = the dimension of X UP ^ is 2n — 1. 

When mi = m-2 = 0, we will denote Xjj v .m by Xjj a . If Ajj is the universal 
abelian scheme over Xu we write Qi = Au [pf°] for i = 1, 2 and Q = Q\ x Q 2 - 
Over a base where p is nilpotent, each of the Gi is a one-dimensional compatible 
Barsotti-Tate Ok -module. 

Let Xjj a = Xjj a x gp ec 0k Spec F be the special fiber of Xjj a . We define a 

stratification on Xjj a in terms of < hi, h 2 < n — 1. The scheme X^' h2 ^ will 
be the reduced closed subscheme of Xu whose closed geometric points s are 
those for which the maximal etale quotient of Qi has Ok -height at most hi. Let 




where 



*(/*) v °A,V/eO F ; 



T] : V <E)q, A°°' p ->• V p A s 
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Lemma 2.4. The scheme X^ 1 '^ is non-empty and smooth of pure dimension 
hi + h 2 - 

Proof. In order to see that this is true, note that the formal completion of X Uo 
at any closed point is isomorphic to F[[T 2 , . . . , T n , 5 2 , . . . , S n ]} since it is the uni- 
versal formal deformation ring of a product of two one-dimensional compatible 
Barsotti-Tate groups of height n each. (In fact it is the product of the universal 
deformation rings for each of the two Barsotti-Tate groups.) Thus, Xu has 
dimension 2n — 2 and as in Lemma II. 1.1 of [HT] each closed stratum Xjj*' h2 ^ 
has dimension at least hi + h 2 . The lower bound on dimension also holds for 
each open stratum X^' h2> . In order to get the upper bound on the dimension 

it suffices to show that the lowest stratum Xy^ is non-empty. Indeed, once 
we have a closed point s in any stratum X^' h2 \ we can compute the formal 

completion {X$* M) )$ as in Lemma II. 1.3 of [HT] and find that the dimen- 
sion is exactly hi + hi. We start with a closed point of the lowest stratum 
Xy^ — xf}^ and prove that this stratum has dimension 0. The higher closed 
strata X§ M = U 

ii<hi,j2<h2-^Uo''' 2 ^ are non_em Pty and it follows by induction 
on (hi,h 2 ) that the open strata x^ 1 '^ are also non-empty. 

It remains to see that X^' ^ is non-empty. This can be done using Honda- 
Tate theory as in the proof of Corollary V.4.5. of [HT], whose ingredients 
for Shimura varieties associated to more general unitary groups are supplied 
in sections 8 through 12 of [Shi]. In our case, Honda- Tate theory exhibits a 
bijection between p-adic types over F (see section 8 of [Shi] for the general 
definition) and pairs (A, i) where is an abelian variety of dimension dn and 
i : F ^ End (A) £g>z Q. The abelian variety A must also satisfy the following: 
yl[p°°] is ind-etale for i > 2 and A[p°°] is one-dimensional of etale height hi 
for i = 1,2. Note that the slopes of the p-divisible groups ^4[p°°] are fixed for 
all i. All our p-adic types will be simple and given by pairs (M, rf) where M 
is a CM field extension of F and r\ € QPP] where *P is the set of places of M 
above p. The coefficients in 77 of places x of M above pi are related to the slope 
of the corresponding p-divisible group at pi as in Corollary 8.5 of [Sh3[. More 
precisely, ^4[x°°] has pure slope rj x /e x / p . It follows that the coefficients of r\ at 
places x and x c above p satisfy the compatibility 

Vx "T rj x c — e x jp 

so to know r] it is enough to specify r\ x ■ x as x runs through places of M above 
u. 

In order to exhibit a pair (A, 1) with the right slope of ^4[p°°] it suffices to 
exhibit its corresponding p-adic type. For this, we can simply take M — F and 
n Pi = ^p^.q j -pi for i — 1, 2 and r/ Pi = otherwise. The only facts remaining to 
be checked are that the associated pair (A, i) has a polarization A which induces 
c on F (this follows from Lemma 9.2 of [Kol]) and that the triple (A, i, A) can be 
given additional structure to make it into a point on X^' ^ . This will be proven 
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in more generality in Lemma 5.5, an analogue of Lemma V.4.1 of [HT]. Note 
that the argument is not circular, since the proof of Lemma 5.5 is independent 
of this section. □ 



The next Lemma is an analogue of Lemma 3.1 of [TY]. 



Lemma 2.5. I/O < /ii,/i 2 < n — 1 then the Zariski closure of xjj 1 '^ contains 



x (o,o) 

Uo 

Proof. The proof follows exactly like the proof of Lemma 3.1 of [TY]. Let x be 
a closed geometric point of X^°K The main point is to note that the formal 
completion of Xjj x Spec F at x is isomorphic to the equicharacteristic universal 
deformation ring of Gi, x x £2,2:7 so it is isomorphic to 

Spf F[[T 2 ,...,T n ,S 2 ,...,S„]]. 

We can choose the Ti, the Si and formal parameters X on the universal defor- 
mation of Gi, x an d Y on the universal deformation of Q 2 . x such that 

n 

[ir](X) = nX + Y / T l X# ¥l ~ 1 + X# ¥ " (mod X# F " +1 ) and 

i=2 

n 

M(y) = tty + J2s l x# r ~ 1 + s# ¥n (mod s* wn+1 ). 

i=2 

We get a morphism 

Spec F[[T 2 , . . . , T n , S 2 , . . . , S n }] X Uo 

lying over x : Spec F — >■ Xu such that if k denotes the algebraic closure of the 
field of fractions of 

Spec F[p2, . . . , T n , S2, ■ ■ ■ S n ]]/ (T 2 , . . . , T n -f ll ,S2, • ■ • , S n -h 2 ) 

then the induced map Spec k — > Xjj factors through X^ 1 '^. □ 

For i — 1,2, let Iw„,j, 4 be the subgroup of matrices in GL„(0^-) which 
reduce modulo pi to B n (¥). We will define an integral model for Xu, where 
U C G(A°°) is equal to 

U p x U^ 2 (m) x Iw„ ;Pl x Iw„ ;P2 x Z p x . 

We define the following functor Xu from connected locally noetherian Ok- 
schemes with a geometric point to sets sending 

(5, s) n> (A, A,i,7f ,Ci,C 2 ,ai), 

where (A, A, i, ff , a{) is as in the definition of Xjj and for i = 1,2, Cj is a chain 
of isogenics 

: Si, A = Gift ->■ Sj.n = Gi,A/Gi,A[Pi] 

of compatible Barsotti-Tate -modules each of degree #F and with composite 
the canonical map Gi,A -> Gi,A/Gi.A[pi\- 
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Lemma 2.6. If U p is sufficiently small, the functor Xjj is represented by a 
scheme Xjj which is finite over Xjj . The scheme Xjj has some irreducible 
components of dimension 2n — 1 . 

Proof. The chains of isogenies Ci can be viewed as flags 

= JCifl C /C^i • • • C lCi tn = Gi[pi], 

where JCij — hsv{Gi,o — > Gij)- All the JCij are closed finite flat subgroup 
schemes with Ox-action and Ki t j/K,ij—i of order #W. The representability can 
be proved in the same way as in Lemma 3.2 of [TY] except in two steps: first 
we note that the functor sending S to points of Xjj (S) together with flags C\ of 
Qi [pi] is representable by a scheme X'y over Xjj . (If we let Hi denote the sheaf 
of Hopf algebras over Xjj defining £/i[pi], then X' v will be a closed subscheme 
of the Grassmanian of chains of locally free direct summands of H\.) Then we 
see in the same way that the functor sending S to points of Xy(S) together 
with flags C2 of C?2[p2] is representable by a scheme Xjj over X'jj. We also have 
that Xjj is projective and finite over Xjj . (Indeed, for each closed geometric 
point x of Xjj there are finitely many choices of flags of O^-submodules of each 
Qi :X .) On the generic fiber, the morphism Xjj — > Xjj is finite etale and Xjj 
has dimension 2n — 1, so Xjj has some components of dimension 2n — 1. □ 

We say that an isogeny Q — > Q' of one-dimensional compatible Barsotti-Tate 
O^-modules of degree #F has connected kernel if it induces the zero map on 
Lie Q. If we let / = [F : F p ] and F : Q -> ^ (p) be the Frobenius map, then 
is an isogeny of one-dimensional compatible Barsotti-Tate Ox- 
modules and has connected kernel. The following lemma appears as Lemma 3.3 
in [TY]. 

Lemma 2.7. LetW denote the ring of integers of the completion of the maximal 
unramifted extension of K. Suppose that R is an Artinian local W -algebra with 
residue field F. Suppose that 

c-.g ^Qi^ — >G g = go/g [pi] 

is a chain of isogenies of degree #F of one- dimensional compatible formal Barsotti- 
Tate Ok -modules over R of Ok -height g with composite equal to multiplication 
by 7r. If every isogeny has connected kernel then R is a F-algebra and C is the 
pullback of a chain of isogenies of Barsotti-Tate Ok -modules over F, with all 
isogenies isomorphic to . 

Now let Xjj = Xjj Xgp ec K Spec F denote the special fiber of Xjj. For 

i = l,2 and 1 < j < n, let Yij denote the closed subscheme of Xjj over which 
Gi,j-i — > Gij has connected kernel. Note that, since each LieGij is locally free 
of rank 1 over Ox v , we can pick a local basis for all of them. Then we can 
find locally £ ®\ v t° represent the linear maps LieGij-i — > LieGij- Thus, 
each Y^j is cut out locally in Xjj by the equation X it j = 0. 
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Proposition 2.8. Let s be a closed geometric point of Xjj such that Gi, s has 
etale height hi for i = 1,2. Let W be the ring of integers of the completion of the 
maximal unramified extension of K. Let Xu s be the completion of the strict 
henselization of Xu at s, i.e. the completed local ring of X x £ c Qk Spec W 
at s. Then 

n n 

Ox Ut s - W[[T 1 ,...,T n ,S 1 ,...,S n ]]/( [] T i—*> n S i~^- 

i—h±-\-l i—Ji2 + l 

Assume that Yij k for k — l,...,n — h\ and jk e {1, ...,n} distinct are 
subschemes of Xjj which contain s as a geometric point. We can choose the 
generators Ti such that the completed local ring Yl . s is cut out in Xu s 
by the equation Tk+hx = 0. The analogous statement is true for Y 2 j k with 
k = 1, . . . , n — h 2 and Sk+h 2 = 0. 

Proof. First we prove that Xu has pure dimension 2n — 1 by using Deligne's 
homogeneity principle. We will follow closely the proof of Proposition 3.4.1 
of [TY]. The dimension of s as s runs over geometric points of Xu above 

xjj^ is constant, say it is equal to m. Then we claim that XjJ s has dimension 
m for every closed geometric point of Xu- Indeed, assume the subset of Xu 
where O x s has dimension different from m is non-empty. Then this subset 
is closed, so its projection to Xu„ is also closed and so it must contain some 
Xy^ 1 '* 12 ^ (since the dimension of XjJ s only depends on the stratum of Xu that 
s is above). By Lemma 2.5, the closure of x^i.M con ^ ams X^°\ which is a 
contradiction. Thus, Xu has pure dimension m and by Lemma 2.6, m = In — 1. 

The completed local ring O x s is the universal deformation ring for tu- 
ples (A,X,i,fj p ,C 1 ,C 2 ,a i ) deforming (A s , A s , i s , fj%, Ci ;S ,C 2 , s , Deforming 
the abelian variety A s is the same as deforming its p-divisible group by 
Serre-Tate and A s [p°°] = A s [u x ] x A s [(u c )°°]. The polarization A together with 
determine A[(ii c )°°], so it suffices to deform A s [m°°] as an O^-module to- 
gether with the level structure. At primes other than pi and p 2 , the p-divisible 
group is etale, so the deformation is uniquely determined. Moreover, A[(pip 2 )°°] 
decomposes as A[pf] x A[p%>] (because Of ®o f , ®f^ 1V2 — ^,pi x ®F,p 2 ), so 
it suffices to consider deformations of the chains 

C»,s : Gi.s = Gi,0 -> Gi,l ->••••-> Gi,n = Gi,s/Gi,s[Pi\ 

for i = 1 , 2 separately. 

Let G — S x {K/Ok) 11 be a p-divisible O^-module over F of dimension one 
and total height n. Let 

C : G = Go -> Gi ► G n = G/G[n] 

be a chain of isogenics of degree #F. Since we are working over F, the chain C 
splits into a formal part and an etale part. Let C° be the chain obtained from 
C by restricting it to the formal part: 

£ -> Ei -> > E„ = E/E[vr]. 
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Let J C {1, . . . , n} be the subset of indices j for which Qj-i — > <5j has connected 
kernel. (The cardinality of J is n — h.) Also assume that the chain C ct consists 
of 

gf = {k/^OkV © (if/^)"^' 

for all j e J with the obvious isogenics between them. 

We claim that the universal deformation rings of C is isomorphic to 

W[[T 1 ,...,T n ]]/(l[T j -ir). 

jeJ 

We will follow the proof of Proposition 4.5 of [D]. To see the claim, we first 
consider deformations of Q without level structure. By proposition 4.5 of [D], 
the universal deformation ring of £ is 

R° ~ W[[X h+1 , X h ]]/(X h+1 X n -n). 

Let £ be the universal deformation of £. By considering the connected-etale 
exact sequence, we see that the deformations of Q are classified by extensions 
of the form 

-> £ -> -> (X/Ok)' 1 -> 0. 

Thus, the universal deformations of Q are classified by elements of Hom(TQ, £), 
where TQ is the Tate module of Q. The latter ring is non-canonically isomorphic 
to 

R~W[[X 1 ,...,X n ]]/(Y[X j -ir). 

jeJ 

Let S be the universal deformation ring for deformations of the chain C and 
S* be the universal deformation ring for the chain C°. Let 

c : g = g & -> — ► a„ = 

be the universal deformation of C which corresponds when restricted to the 
formal part to the universal chain 

£ -> Ei -> > £„ = E/E[tt]. 

Each deformation <?j of C/j is defined by a connected-etale exact sequence 

^ Ej -> 0, 

so by an element /j <E Hom(T£/j, £j). We will explore the compatibilities be- 
tween the Hom.(TQj,Y,j) as j ranges from to n. If j G J then £/j_i — > <5j 
has connected kernel, so TQj-\ ~ T<7j. The isogeny £j-i — > £j determines a 
map Hom(T^j_i, Ej_i) — >■ Hom(TC/j, Ej), which determines the extension Qj. 
Thus, in order to know the extension classes of Qj it suffices to focus on the case 
3 t J- 
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Let {ej)j£j be a basis of 0\, which we identify with TQj for each j. We 
claim that it suffices to know fj(ej) G Ej for each j $ J. Indeed, if j g" J then 
we know that Ej_i ~ Ej and we also have a map T<?j-i — ► T<5j sending 

e j' ^ e j' f° r J an d e i ^ 7re j- 

Thus, for i ^ j we can identify /j_i(ej) G Ej_i with fj(ei) G Ej. Hence if we 
know fj(ej) then we also know fj>(ej) for all j' > j. Thus we know f n (ej), but 
recall that /„ corresponds to the extension 

o -> s/s[7r] -> g/aw (K/n- 1 o K ) h 0, 

which is isomorphic to the extension 

-> E -> -> (if/Ox)' 1 -> 0. 

Therefore we also know /o(ej) and by extension all /j/ (ej) for j' < j. This proves 
the claim that the only parameters needed to construct all the extensions Qj 
are the elements fj(ej) G Ej for all j G" J. 

We have a map S° ®ijo i? — > 5 induced by restricting the Iwahori level 
structure to the formal part. From the discussion above, we see that this map 
is finite and that S is obtained from S° ® R a R by adjoining for each j G J a 
root Tj of 

m) = xj 

in E, where / : E — >• E is the composite of the isogenics Ej — > Sj+i —>••••—> E„. 
If we quotient S by all the Tj for j £ J, we are left only with deformations of 
the chain C°, since all of the connected-etale exact sequences will split. Thus 
S/iT^j ~ S°. 

Now, the formal part C° can be written as a chain 

E = E -> >• Ej -> >• E/E[tt] 

of length n — h. Choose bases ej for Lie Gj over 5° as j runs over J, such that 

e„ = ej for the largest j G J 

maps to 

eo = ej for the smallest j £ J 

under the isomorphism Q n = Qq/Qq[tt] —> Qq induced by it. Let Tj G S° repre- 
sent the linear map Lie Ej/ — > Lie Ej, where j' is the largest element of J for 
which j' < j. Then 

Moreover, S° / (Tj)j e j = F by Lemma 2.7. (See also the proof of Proposition 
3.4 of [TY].) Hence we have a surjection 

n 

W[[T 1 ,...,T n }}/( [] Tj-7r)^S, 

j=h!+l 
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which by dimension reasons must be an isomorphism. 

Applying the preceding argument to the chains Ci jS and C2.S, we conclude 
that 

n n 

Oxu,* - w[[T 1 ,...,T n ,s 1 ,...,s n \]/( n t*-*' n s *-«)- 

Moreover, the closed subvariety Y\j k of Xjj is exactly the locus where Qj k -i — > 
Qj k has connected kernel, so, if s is a geometric point of Y\j k , then Oy x . s 
is cut out in O x s by the equation Tk+hi = 0. (Indeed, by our choice of the 
parameters Tk+hx with 1 < k < n — hi, the condition that Gij k -i — > Qij k has 
connected kernel is equivalent to Tk+i n = 0.) □ 

For S, T C {1, . . . , n} non-empty let 
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Then Yu.s,t is smooth over Spec F of pure dimension 2n — #S — #T (we can 
check smoothness on completed local rings) and it is also proper over Spec F, 
since Yu,s,t ^ Xu is a closed immersion and Xjj is proper over Spec F. We 
also define 

Yu,s,t = Y u,sA (J Yu^.t U |J Yu.s,T> 

\\S"DS / \T'DT 

Note that the inverse image of x^ 1 '^ with respect to the finite flat map 
Xu -> X Uo is 

U Y U,S,T- 

#S=n-hi 
#T=n-/ l2 

Lemma 2.9. T7ie Shimura variety Xjj is locally etale over 

r s 

X r . s = Spec O k [Xi, ...,X n ,Yi,... Y n ]/(Y[ X t - tt, J| *j - *0 

i=i j-i 

wit/i 1 < r, s < n. 

Proof. Let a; be a closed point of Xu. The completion of the strict henselization 
of Xu at x Xu x is isomorphic to 

r s 

O r . s = W[[Xi, ...,X n ,Yi..., r„]]/(JJ - 7T, n K,' - 7T) 

i=l j=l 

for certain 1 < r, s < n. We will show that there is an open affine neighbourhood 
U of x in X such that J7 is etale over X rtS . Note that there are local equations 
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Ti = with 1 < i < r and Sj = with 1 < j < s which define the closed 
subschemes Y\^ with 1 < i < r and Y 2 .j with 1 < j < s passing through x. 
Moreover, the parameters Tj and Sj satisfy 

r s 

JT Ti = utt and J^J Si = u'n 

i=l j=l 

with u and v! units in the local ring Ox v ,x ■ We will explain why this is the case 
for the Ti. In the completion of the strict henselization Xu x both Ti and Xi 
cut out the completion of the strict henselization Oy r . x , which means that Ti 
and Xi differ by a unit. Taking the product of the T t we find that n[=i ^ = U7r 
for u £ O x a unit in the completion of the strict henselization of the local 
ring. At the same time, in an open neighborhood of x, the special fiber of X is 
a union of the divisors corresponding to Ti = for 1 < i < r, so that nl=i 
belongs to the ideal of Ox v ,x generated by 7r. We conclude that u is actually 
a unit in the local ring Ox v ,x-, not only in Xjj ^ Ina neighborhood of x, we 
can change one of the Ti by w -1 and one of the Si by («') 1 to ensure that 



r s 

]J Ti = n and J[ Si = ir. 

i=i j=i 

We will now adapt the argument used in the proof of Proposition 4.8 of 
[Y] to our situation. We first construct an unramified morphism / from a 
neighborhood of x in Xjj to Spec Ok[Xi, . . . , X n , Y\, . . . Y n \. We can do this 
simply by sending the Xi to the Ti and the Yj to the Sj. Then / will be 
formally unramified at the point x. By [EGA4] 18.4.7 we see that when re- 
stricted to an open affine neighbourhood Spec A of x in X. /|s pe cA can be 
decomposed as a closed immersion Spec A — > Spec B followed by an etale mor- 
phism Spec B — ► Spec Ok[X\, . . . X n , Y\, . . . , Y n }. The closed immersion trans- 
lates into the fact that A ~ B/I for some ideal I of B. The inverse image 
of I in . . . , X n , Yi, . . . Y n ] is an ideal J which contains nl=i ~ n ano ^ 

Y\j = i Yj — 7T. The morphism / factors through the morphism g : Spec A 
Spec Ok [Xi , . . . , X n , Y\ , . . . , Y n ]/ J which is etale. Moreover, J is actually gen- 
erated by nl=i Xi — it and Yl^=i Yj — ^, since g induces an isomorphism on 
completed strict local rings 

W[[X 1 ,...,X n ,Y 1 ,...,Y n ]]/J ^O r , s . 

This completes the proof of the lemma. □ 

Let Au be the universal abelian variety over the integral model Xjj . Recall 
that £ was an irreducible representation of G over Qj . The sheaf extends to a 
lisse sheaf on the integral models Xjj and Xjj. Also, g End(^l™ 4 /X[/) ®z Q 
extends as an etale morphism on A™^ over the integral model. We have 



17 



and we can compute the latter via the nearby cycles RipQi on A™ s over the 
integral model of Xjj. Note that A™*" is smooth over Xjj, so A^ is locally etale 
over 

r s 

X r ^ m = Spec O k [X u . . . , X n , Y u . . . Y n , Zi, . . . , Z m }/{[[ Xi, - TT, H Yi, - tt) 
for some non- negative integer m. 

3 Sheaves of nearby cycles 

Let K/Qp be finite with ring of integers Ok which has uniformiser tt and residue 
field F. Let I K = Gal(K/K UI ) C G K = Gal{K/K) be the inertia subgroup of 
K. Let A be either one of Z/Z r Z, Z;, Qi or Qi for Z 7^ p prime. Let X/Ok be a 
scheme such that X is locally etale over 

r s 

Spec o Jf [Xi,...,x n ,yi,...r n ,Zi,...,z rn ]/(JJx <J - tt, JJi;, - tt). 

Let Y be the special fiber of X. Assume that Y is a union of closed subschemes 
Yij with j e {l,...,n} which are cut out locally by one equation and that 
this equation over X r , s ^ m corresponds to Xj — 0. Similarly, assume that Y is 
a union of closed subschemes Y 2 .j with j e {1, . . . , n} which are cut out over 
X r . s ^ m by Yj = 0. 

Let j : Xk ^ X be the inclusion of the generic fiber and i : Y X be 
the inclusion of the special fiber. Let S = Spec Ok, with generic point 77 and 
closed point s. Let ^" be an algebraic closure of K, with ring of integers O k ■ 
Let S = Spec Kl with generic point fj and closed point s. Let X = X Xj S 
be the base change of X to 5, with generic fiber j : X^ ^ X and special fiber 
i : X g ^ X . The sheaves of nearby cycles associated to the constant sheaf A 
on X K are sheaves R k ipA on X s defined for k > as 

R k 4>k = i*R k %k 

and they have continuous actions of Ik ■ 

Proposition 3.1. The action of Ik on R k ipA is trivial for any k>0. 

The proof of this proposition is based on endowing X with a logarithmic 
structure, showing that the resulting log scheme is log smooth over Spec Ok 
(with the canonical log structure determined by the special fiber) and then using 
the explicit computation of the action of Ik on the sheaves of nearby cycles that 
was done by Nakayama [Na]. 

3.1 Log structures 

Definition 3.2. A log structure on a scheme Z is a sheaf of monoids M together 
with a morphism a : M — >• Oz such that a induces an isomorphism or x {O z ) ~ 

o* z . 
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From now on, we will regard O z as a subsheaf of M via a 1 and define 
M := M/0* z . 

Given a scheme Z and a closed subscheme V with complement U there is 
a canonical way to associate to V a log structure. If j : U A is an open 
immersion, we can simply define M = j*((Ox\U)*) CiOx — > Ox- This amounts 
to formally "adjoining" the sections of Ox which are invertible outside V to the 
units O x . The sheaf M will be supported on V. 

If P is a monoid, then the scheme Spec Z[P] has a canonical log structure 
associated to the natural map P — > Z[P]. A chart for a log structure on Z is 
given by a monoid P and a map Z — > Spec Z[P] such that the log structure 
on Z is pulled back from the canonical log structure on Spec Z[P]. A chart 
for a morphism of log schemes Z\ — > Z 2 is a triple of maps Z\ — > Spec Z[Q], 
Z2 — > Spec Z[P] and P — > Q such that the first two maps are charts for the log 
structures on Z\ and Z^ and such that the obvious diagram is commutative. 

Definition 3.3. A scheme endowed with a log structure is a log scheme. A 
morphism of log schemes (Z\,M\) — > (.£2,-^2) consists of a pair (/, h) where 
/ : Z\ — \ Z2 is a morphism of schemes and h : j*Mi — \ M\ is a morphism of 
sheaves of monoids. 

For more background on log schemes, the reader should consult [II, K]. 

We endow 5* = Spec Ok with the log structure given by N — j :t (K*)nOK ^ 
Ok- The sheaf N is trivial outside the closed point and is isomorphic to a copy 
of N over the closed point. Another way to describe the log structure on S is 
by pullback of the canonical log structure via the map 

S -> Spec Z[N] 

where 1 i-> n S Ok- 

We endow X with the log structure given by M = j* {0* Xk ) !~l Ox Ox ■ 
It is easy to check that the only sections of Ox which are invertible outside the 
special fiber, but not invertible globally are those given locally by the images of 
the Xi for 1 < i < n and the Yj for 1 < j < n . On etale neighborhoods U of 
X Xq k W which are etale over X r ^ s . m this log structure is given by the chart 

U -> X TiS . m -)■ Spec Z[P r . s ] 

where 

p r , 8 = N r eN7(i,...i,o,...o) - (o,...o,i,...i). 

The map X r , s _ m — > Spec Z[P rjS ] can be described as follows: the element with 
1 only in the fcth place, (0, . . . , 0, 1, 0, . . . 0) € P r . s maps to Xk if k < r and to 
Yk- r if k > r + 1. Note that the log structure on A is trivial outside the special 
fiber, so A is a vertical log scheme. 

The map A — > S induces a map of the corresponding log schemes. Etale 
locally, this map has a chart subordinate to the map of monoids N -> F r , s such 
that 

1h+(1,...,1,0,...,0) = (0,...0,1,...1) 
to reflect the relations X\ . . . X r = Y\ . . . Y s = it. 
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Lemma 3.4. The map of log schemes (X, M) — > (S, N) is log smooth. 

Proof. The map of monoids N — > P r;S induces a map on groups Z — > P~> p s , which 
is injective and has torsion-free cokernel Z r+S ~ 2 . Since the map of log schemes 
(X, M) — > (S, N) is given etale locally by charts subordinate to such maps of 
monoids, by Theorem 3.5 of [K] the map (X, M) (5, N) is log smooth. □ 

3.2 Nearby cycles and log schemes 

There is a generalization of the functor of nearby cycles to the category of log 
schemes. 

Recall that O k is the integral closure of Ok in K and S — Spec Kl with 
generic point fj and closed point s. The canonical log structure associated to the 
special fiber (given by the inclusion j*(K*) n O k O k ) defines a log scheme 
S with generic point fj and closed point s. Note that s is a log geometric point 
of S, so it has the same underlying scheme as s. The Galois group Gk acts on 
s through its tame quotient. Let X = X Xj S in the category of log schemes, 
with special fiber Xg and generic fiber X fr Note that, in general, the underlying 
scheme of Xg is not the same at X s . This is because Xg is the fiber product 
of X s and s in the category of fine and saturated log schemes and saturation 
corresponds to normalization, so it changes the underlying scheme. 

The sheaves of log nearby cycles are sheaves on Xg defined by 

i?V° s A = i*R k j*A, 

where i,j are the obvious maps and the direct and inverse images are taken 
with respect to the Kummer etale topology. Theorem 3.2 of [Na] states that 
when X/S is a log smooth scheme we have J R°i/' los A = A and R p ip log A = for 
p > 0. Let 

I : X -> X, 

which restricts to e : X^ — > X^, be the morphism that simply forgets the log 
structure. Note that we have j^e* = e^j*, by commutativity of the square 

v 3 ~ 
x v >" X 

e £ 

v 3 - 

Xfj — ^ x 

We also have Vl^T — e*i*F for every Kummer etale sheaf J", since the sections 
of both sheaves over some etale open V of X s are obtained as the direct limit of 
^(U), where U runs over etale neighborhoods of V in X and U has the canonical 
log structure associated to the special fiber. We deduce that 



20 



so the corresponding derived functors must satisfy a similar relation. When we 
write this out, using Rtp log A = A by Nakayama's result and i?e*A = A because 
the log structure is vertical and so e is an isomorphism, we get 

R k ^ cl A = R%{A\X s ). 

Therefore, it suffices to figure out what the sheaves R k e*A look like and how Ik 
acts on them, where e : Xg — > X s . This has been done in general by Nakayama, 
Theorem 3.5 of [Na], thus deriving an SGA 7 I.3.3-type formula for log smooth 
schemes. We will describe his argument below and specialize to our particular 
case. 

Lemma 3.5. Ik acts on R p e*{A\Xg) through its tame quotient. 

Proof. Let S l = Spec Ok * endowed with the canonical log structure (here K l C 
K is the maximal extension of K which is tamely ramified). The closed point 
s* with its induced log structure is a universal Kummer etale cover of s and 
Ik acts on it through its tame quotient P. Moreover, the projection s — > s* 
is a limit of universal Kummer homeomorphisms and it remains so after base 
change with X. (See Theorem 2.8 of [II]). Thus, every automorphism of Xg 
comes from a unique automorphism of X s t, on which Ik acts through /*. □ 

Now we have the commutative diagram 

x log x log j 

xf xf 

where the objects in the top row are log schemes and the objects in the bottom 
row are their underlying schemes. The morphisms labeled e are forgetting the 
log structure and we have e = e o a = /Joe. We can use either of these 
decompositions to compute i? fc e*A. For example, we have Re*A — i?/3*i?e*A, 
which translates into having a spectral sequence 

R n - k /3*R k e*A =>■ R n e*A. 

We know that R k e*A = A k M^ t ® A(-fe), where 

M^P = coker (^gp M 9P ) /torsion. 

This follows from theorem 2.4 of [KN]. On the other hand, at a geometric point 
x of Xf, we have {(3*T)x — F[E S ] for a sheaf T of A-modules on Xf, where 
E s is the cokernel of the map of log inertia groups 

Ix -> Is- 

Indeed, /3~ 1 (x) consists of #coker (I x — > I s ) points, which follows from the 
fact that Xf is the normalization of (X g x s - s) cl . The higher derived functors 
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R n k fi*T are all trivial, since /3» is exact. Therefore, the spectral sequence 
becomes 

The tame inertia acts on the stalks of these sheaves through J* = J g i-> A[I S ] — > 
A[£*]. 

In our particular case, it is easy to compute i? fe e*A globally. Let 

Z (1) = Inn fj, m . 

(m,p)=l 

We have 

/ I = J ffom(Mf ,Z'(1)) 

and 

/ a =fiom(^f-Z(l))- 

The map of inertia groups is induced by the map Mf p — > Mf p , which is de- 
termined by 1 I— > (1, . . . , 1, . . . , 0) , where the first n terms are nonzero. Any 
homomorphism of Mf p = Z — > Z (1) can be obtained from some homomor- 
phism M| p — > Z (1). Thus i? s is trivial for all log geometric points x and J* 
acts trivially on the stalks of the sheaves of nearby cycles. Moreover, in our 
situation we can check that /? is an isomorphism, since (X g x g s) cl is already 
normal, which follows from the fact that X s is reduced, which can be checked 
etale locally. Thus we have the global isomorphism 

R%A~A k M™®A(-k). 

The above discussion also allows us to determine the sheaves of nearby cycles. 
Indeed, we have R k ipA ~ A k M^ l <8> A(— k) and M^ei can be computed explicitly 
on neighborhoods. If U is a neighborhood of X with U etale over X riS then 
the log structure on U is induced from the log structure on X riS . Let I, J C 
{1, . . . , n} be sets of indices with cardinalities r and s respectively, corresponding 
to sets of divisors Yi ; j and Y 2 j which intersect U. 

Proposition 3.6. If Xi G Ox is the image of 1 £ Oy 1 1 pushed forward under 
the closed immersion au : Y\_i ^ X and yj 6 Ox is the image of 1 € Oy 2 } 
pushed forward under a 2 j : Y 2 j ^ X, then we have 

R k ipA(k)\u ~ A k [(® ieI x,A/ x i) © {®jeJVjN Y ViWu- 

iei je.J 

We can define a global map of sheaves 

A fe [(©Li^A) © (e? =1 ifeA)] -> A k MZ ~ i?VA(fc) 

by sending to the generator of the divisor Y\,% and j/j to the generator of the 
divisor Y 2 j. The image of Xi in Ox will be a unit over X\Yi t \, so in particular 
it will be a unit outside the special fiber 7 of X. Since the log structure on 
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X is the canonical log structure associated to the special fiber, the image of X{ 
will be a nontrivial element of M^ { . The same holds true for the yj. We see 
from the local computation in proposition 3.6 that the above map of sheaves 
is surjective and that the kernel is generated by the two sections Ym=i x i ar± d 

En 
3=1 yj- 

Corollary 3.7. There is a global isomorphism 

k n n 

»=i j=i 

Let C\ = ®XiA/Y^i=i x i an d £2 = ©™ = i?/jA/ Y^j=i Vj- From the above 
corollary, we see that R k ipA(k) can be decomposed as X^=o ^'A ® /\ k ~ l £-2- If 
X was actually a product of semistable schemes, X = X\ x 5X2, then the sheaves 
A ( Xi and A k ~ l £2 would have an interpretation as pullbacks of the nearby cycles 
sheaves R l ipA and R k ~ l ipA associated to X\ and X 2 respectively. Corollary 
3.7 would then look like a Kiinneth-type formula computing the sheaves of 
nearby cycles for a product of semistable schemes. In fact, in such a situation, 
the computation of the sheaves of nearby cycles reflects the stronger relation 
between the actual complexes of nearby cycles 

RtpA Xl x s x 2 RipA Xl ®s RipA X2 

which takes place in the derived category of constructible sheaves of A-modules 
on (Xi x 3X2)5- This result was proven in [12] for a product of schemes of finite 
type. The isomorphism is stated in the case when A is torsion, however the 
analogue morphism for A a finite extension of Z; or Q; can be defined by passage 
to the limit (see the formalism in [E]) and it will still be an isomorphism. We 
would like to give here a different proof of this result in the case of the product 
of two semistable schemes. We will use log schemes, specifically Nakayama's 
computation of log vanishing cycles for log smooth schemes. 

Recall that the scheme S has generic point 77 and closed point s. We will 
freely use the notations S, S and s, s, and also the corresponding notations for 
a scheme X fixed in the begining of this subsection. We first need a preliminary 
result. 

Lemma 3.8. Let X\ be a strictly semistable scheme over S. Then the sheaves 
R k ipA are flat over A. 

Proof. By Proposition 1.1.2.1 of [Sa2], we have an exact sequence of sheaves on 

Xl.g 

-> R k ipA -> i*R k+1 ],A{l) -> i? fe+ VA(l) -> 0. 

We will prove by induction on k that R n ~ k ipA is flat over A. Indeed, R n ipA = 
so the induction hypothesis is true for k = 0. For the induction step, note 
that we can compute i*R n ~ k+1 j*A using log etale cohomology. If we let Xi be 
a generator of the ideal defining the irreducible component of X\ tS then 



23 



we can endow Xi <s with the log structure given by (Bi e jXiN. We know that 
i* R n ~ k+1 j*A ~ i?™ _fc+1 e*A, where e is the morphism which forgets the log 
structure. We can compute i?™ _fe+1 e*A as above to get 

i*R n - k+1 j* ~ A n - k+1 {®ieiXiA) ®a A(-n + fc — 1), 

which is free over A. In the short exact sequence 

-> i?"- fc i/.A -> i*#"- fc+1 j*A(l) -> i?"- fc+1 VA(l) -> 

the middle term is free, the right term is flat by the induction hypothesis, so 
the left term must be flat as well. □ 

Proposition 3.9. Let X\ and X 2 be strictly semistable schemes over S . Then 
we have the following equality in the derived category of constructible A[I S }- 
modules on {X\ Xsl 2 )s- 

where the external tensor product of a complexes is obtained by taking pr\ ®pr 2 
and where the superscript L refers to left derived tensor product. 

Proof. We've seen from the above discussion that in the case of a log smooth 
scheme with vertical log structure the complex of vanishing cycles depends only 
on the special fiber endowed with the canonical log structure. In other words, 
for i — 1,2, we have RipAx i ri — Rii t *Ax itS as complexes on Xi tS , where : 
X it s — > X itS is the identity morphism on the underlying schemes and forgets the 
log structure. Analogously, we also have RipA( Xl x s x 2 ) v = Rt*A, where 

e : {Xi x g X 2 )s -> (Xi x s X 2 )s 

is the morphism which forgets the log structure. (Here we've used the fact that 
the fiber product of log smooth schemes with vertical log structure is log smooth 
with vertical log structure and that the underlying scheme of the fiber product 
of log schemes X\ x § X 2 is just Ii Xj X 2 ). Therefore, it suffices to prove that 
we have an isomorphism 

^* A (x lXs x 2 ) ; - /) '' :.- A \; ®s Re2,*A X2 _ 

in the derived category of constructible sheaves of A[/ s ]-modules on (Xi XgX 2 ) g . 
It is enough to show that the Kiinneth map 

C = Rei,*A Xus ^ Rh,*A X23 -)• Re*A (XiX _ X2h = V, 

which is defined as in [SGA4] XVII 5.4.1.4, induces an isomorphism on the 
cohomology of the two complexes above, for then the map itself will be a quasi- 
isomorphism. The cohomology of the product complex can be computed using 
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a Kiinneth formula as H n (C) = 0£ =o i? fc ?i,*A <S> g R n - k i 2 .*A. In general, the 
Kiinneth formula involves a spectral sequence with terms 

n—l 

E Un-i = Y j Tarf [Is \R k ~e h *k,R n - l - k ~e 2 ,*K) H n {C), 

k=0 

see [EGA3] XVII 6.5.4.2 for a statement using homology. In our case the co- 
homology sheaves R k ii^A are flat A-modules with trivial 7 s -action by Lemmas 
3.1 and 3.8, so for I > all the E 2 n ~ l terms vanish. (Alternatively, one can 
prove the formula for H n {C) by taking flat resolutions for both of the factor 
complexes and using the fact that the cohomology sheaves of the flat complexes 
are flat as well.) 

In order to prove that the induced map H n (C) — > H n (T>) is an isomorphism, 
it suffices to check that it induces an isomorphism on stalks at geometric points. 
Let x be a geometric point of X\ x s X 2 above the geometric point s of S. The 
point x will project to geometric points x± and x 2 of X\ and X 2 . From [II] it 
follows that there is an isomorphism on stalks 

R k e i! ,A Xi ^H k {J i ,A) 

for < k < n and i — 1,2, where Ji is the relative log inertia group 

kc^iX^x^^^iS, a)). 

A similar statement holds for the stalks at x 

R n ~e*A x ~H n {J,k), 

where J is the relative log inertia group ker(7r^° 9 {X, x) — > Tr l ^ 9 (S 7 s)). Directly 
from the definition of the log fundamental group we can compute J = Ji x J 2 . 
We have the following commutative diagram 

H n (C) x H n (V) x 



©Lo# fe ( J i> A ) ®a H n - k (J 2 ,A) ^tf"(Ji x J 2 ,A) 

where the bottom arrow is the Kiinneth map in group cohomology and is also 
an isomorphism. (Again, the Kiinneth spectral sequence 

n—l 

E Un-i = T£Tor?(H k (J 1 ,A),H n - k (J 2 ,A)) 

degenerates at E 2 and all terms outside the vertical line I = vanish be- 
cause these cohomology groups are flat A-modules.) Therefore the top arrow 
H n (C) x — > H n (T>) x has to be an isomorphism for all geometric points x of X 
which means it comes from a global isomorphism of sheaves on X . □ 
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4 The monodromy filtration 



4.1 Overview of the semistable case 

In this section, we will explain a way of writing down explicitly the monodromy 
filtration on the complex of nearby cycles RipA, in the case of a semistable 
scheme. Our exposition will follow that of [Sa2], which constructs the mon- 
odromy filtration using perverse sheaves. We let A = Z/TZ, Z;,Q; or Qj. 

Let Xi/Ok be a strictly semistable scheme of relative dimension n — 1 with 
generic fiber Xi iV and special fiber Y\ = X\ :S . Let RipA — i*Rj*A be the com- 
plex of nearby cycles over Y 1 ^. Let Di, . . . , D m be the irreducible components 
of Yi and for each index set I C {1, ... , m} let Yj = n, e /.Dj and aj : Yj — > Yi be 
the immersion. The scheme Yj is smooth of dimension n — 1 — k if #1 = k + 1. 
For all < k < m — 1 we set 



y; 



(fe) 



U 



Yi 



7C{l,...,m},#/=fe+l 



and let : Y^ — > Yi be the projection. We identify afc*A 



ao*A. 



We will work in the derived category of bounded complexes of constructible 
sheaves of A- modules on Yi jr. We will denote this category by D b c (Y 1 A). 

Let d[n] be the boundary of ir with respect to the Kummer sequence obtained 
by applying to the exact sequence of etale sheaves on X\^ 

-+ A(l) -> oi iif) oi iif) -+ 

for A = Z/Z r Z. Taking an inverse limit over r and tensoring we get an element 
9[tt] G i*i? 1 j»A(l) for A = Q; or Q z . Let 6» : A n -> i*R 1 j*A(l) be the map 
sending 1 to <9[7r]. Let <5 : Ay x — > ao*A be the canonical map. The following 
result appears as Corollary 1.3 of [Sa2]. 

Proposition 4.1. 1. There is an isomorphism of exact sequences 



A 



a *A ■ 



<5A 



5A 



i*i2 1 .7,A(l) 



' »n-l*A ■ 



0, 



0U 



i*R n j*A(n) ^ 



where the first vertical arrow is the identity and all the other vertical arrows are 
isomorphisms. 

2. For k > we have an exact sequence 

-> R k t/jA -> i*R k+1 j*A(l) -> ► i*R n j*A(n - k) -> 0, 

w/iere aZi ifte horizontal maps are induced from 6U. 

Note. 1. The vertical isomorphisms in the first part of Proposition 4.1 come 
from the Kummer sequence corresponding to each of the for i = 1, . . . , m. 
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The maps 9i : Au i — > i* R 1 j* A(l) are defined by sending 1 to d\xj\, where 7r^ is 
the generator of the ideal defining Di and d is the connecting differential in the 
Kummer sequence. The isomorphism ao*A —> i*R 1 j*A(l) is the direct sum of 
the 8i for i = 1, . . . , m. 

2. Putting together the two isomorphisms, we get a quasi-isomorphism of 
complexes 

R k ipA(k)[-k] -4 [a fe *A ->■ > a„_i*A -> 0], (1) 

where R k ipA{k) is put in degree fc and a^-i^A is put in degree n — 1. 

Lemma 4.2. TTie complex a;*A[— Z] is a — (n — l)-shifted perverse sheaf for all 
< I < n — 1 and so is the complex R k ipA{k)[—k] for all < k < n — 1. 

Proof. Since Yj^ is smooth of dimension n — 1 — Z, we know that A[— Z] is a 
— (n — l)-shifted perverse sheaf on y/°. The map ai : —¥ Y is finite and 
since the direct image for a finite map is exact for the perverse i-structure, we 
deduce that a/*A[— I] is a — (n — l)-shifted perverse sheaf on Y. This is true for 
each < I < n— 1. The complex i? fe -0A(fc)[— fc] is a successive extension of terms 
of the form a;*A[— Z] (as objects in the triangulated category £>c(Yg , A). Because 
the category of — (n — l)-shifted perverse sheaves is stable under extensions, we 
conclude that i? fc -0A(fc)[— fc] is also a — (n — l)-shited perverse sheaf. □ 

Let C e D^Yj f , A) be represented by the complex 
► r*- 1 -> £ fe -> -> . . . . 

Definition 4.3. We define r<fc£ to be the standard truncation of £, represented 
by the complex 

>C k - 1 ^ker(£ fe -+0. 

Then r<fc is a functor on D b c (Y l f, A). We also define f<fe/C to be represented by 
the complex 

► &~ x -> £ fc -> im (£ fe -> -> 0. 

For every fc we have a quasi-isomorphism r<fe£ -H> T<fc£, which is given 
degree by degree by the inclusion map. 

Corollary 4.4. The complex Rip A is a — (n — I) -shifted perverse sheaf and the 
truncations T<kRipA make up a decreasing filtration of Rip A by —(n— I) -shifted 
perverse sheaves. 

Proof. Since the cohomology of Rip A vanishes in degrees greater than n — 1 , we 
have Rip A ~ T< n -\RipA so it suffices to prove by induction that each T<kRif>A 
is a — (n — l)-shifted perverse sheaf. For fc = 0, we have T< RipA ~ R°ipA, 
which is a — (n — l)-shifted perverse sheaf by Lemma 4.2. For fc > 1 we have a 
distinguished triangle 

(T<fc_iityA,T< fc ityA,i2fyA[-A;]) 
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and assuming that T< k -\Rij)A is a — (n — l)-shifted perverse sheaf, we conclude 
that T<kRipA is as well. The distinguished triangles become short exact se- 
quences in the abelian category of perverse sheaves, from which we deduce that 
the T< k RipA make up a decreasing filtration of RipA and that the graded pieces 
of this filtration are the R k ipA. □ 

The complex Rip A has an action of I s , which acts trivially on the cohomol- 
ogy sheaves R k ipA. From this, it follows that the action of I s factors through 
the action of its tame pro-/-quotient. Let T be a generator of pro-Z-part of 
the tame inertia (i.e. such that U(T) is a generator of Zj(l)). We are inter- 
ested in understanding the action of T on RipA. In fact, we're interested in 
understanding the action of N = logT, by recovering its kernel and image fil- 
tration. We've seen that T acts trivially on the R k ipA, which means that N 
sends T< k RipA — > f< k -iRipA ^ T< k -iRtpA. We get an induced map 

N : R k ipA[-k] — > i?^VA[-fc + 1]. 

The next result appears as part 4 of Lemma 2.2.1 of [Sa2], except that it 
is stated and proved for the map v : R k ipA[-k] -> R^ipAi-k + 1] induced 
from v = T - 1. However, log T = T — 1 (mod (T - l) 2 ), and (T - l) 2 sends 
T< k RipA -> T< k ^ 2 R^A. Since R k ~ 1 ipA[-k + 1] ~ T< k -iRipA/T< k - 2 RipA, we 
deduce that the two maps N and v coincide, i.e. 

N = v : R k ipA[-k] -> R k - 1 iPA[-k + 1]. 

Therefore, we can rewrite part 4 of Lemma 2.5 of [Sa2] as follows. 

Lemma 4.5. The map N and the isomorphisms of Note 2 make a commutative 
diagram 



R k+1 iPA[-{k+ 1)] 



[0 



5A 



N 



R k ipA[-k] 



a k+ i*A(-(k + 1)) 

(8>t,(T) 



[a k *A(-k) — — — *- afc+i*A(-fc) — — 



6A 



^ a n _i*A(-(ft + 1))] 



SA 



■ a n _i*A(— fe)] 



where the sheaves a n _i >t A(— (k + 1)) and a„_i*A(— fc) are ptti m degree n — 1. 

From the above commutative diagram, it is easy to see that the map N 
is injective, since we can just compute the cone of the map of complexes on 
the right. In general, to compute the kernel and cokernel of a map of perverse 
sheaves, we have to compute the cone C of that map, then the perverse trunca- 
tion r> C will be the cokernel and r< _ l C[— 1] will be the kernel (see the proof 
of Theorem 1.3.6 of [BBD]). It is straightforward to check that the cone of TV is 
quasi-isomorphic to a kie A{—k)[—k], which is a — (n — l)-shifted perverse sheaf. 
We deduce that N has kernel and cokernel a k *A(— k)[— k]. 

The fact that N is injective means that the canonical filtration T< k RipA 
coincides with the kernel filtration of N on RipA and that the R k ipA[— k) for 
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< k < n— 1 are the graded pieces of the kernel filtration. Moreover, the graded 
pieces of the induced image filtration of TV on the R k tpA are dk+i*A(— (k+l)] 
for < I < n — 1 — k. This information suffices to reconstruct the graded pieces 
of the monodromy filtration on Rip A. 

Proposition 4.6. There is an isomorphism 

a (fc+o .A(-0[-(fc + 0] -> Gr™RipA. 

l — k—r 

This isomorphism, together with the spectral sequence associated to the 
monodromy filtration induces the weight spectral sequence (see Corollary 2.2.4 
of[Sa2]). 

4.2 The product of semistable schemes 

Let X\ and X 2 be semistable schemes of relative dimension n—1 over Ok , and 
let A = Qi or Qj. Let RipAxi be the complex of vanishing cycles on Xi, s for 

1 = 1, 2 and let RipAx 1 xx 2 be the complex of vanishing cycles on (X\ x$ X 2 )g- 
By Proposition 3.9, we have 

RipA XlX x 2 ^ RipA Xl ®a RipA X2 

and notice that this isomorphism is compatible with the action of the inertia I in 
Gk- From Proposition 3.1, the action of I is trivial on the cohomology sheaves 
of RipAx 1 xx 2 , so only the pro-Z part of I acts nontrivially on RipAx 1 xx 2 - Let 
T be a generator of the pro-Z part of I and set N = logT. Let N, Ni,N 2 denote 
the action of N on RipAx 1 xx 21 R'^Ax 1 and RipAx 2 respectively. Since the 
above isomorphism is compatible with the action of T, we deduce that T acts 
on RipAx! <8>a[i] R^ph-x 2 via T (g> T. From this, we conclude that N acts on 
RipA Xl ®a[/] Ri>&x 2 as ATj ® 1 + 1 <g> N 2 . 

As in the proof of Proposition 3.6, we have a decomposition 

k 

R k ipA ^ 0fl'Mxi ® R k ~ l ipA X2 . 

1=0 

We shall see that AT induces a map 

Af : R k ^A Xl xx 2 [~k] -> i? fe ~ VA Xl xx 2 [-fc + 1] 

which acts on R l i])Ax 1 ®A R k ~ l ipAx 2 [—k] by A\ ® 1 + 1 ® A 2 . First we prove a 
few preliminary results. 

For i = 1, 2 and < Z < n define the following schemes: 

• Let li/F be the special fiber of Xi 

• Let Di.i, . . . , Z\ mi be the irreducible components of Xi 
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• For J C {1, . . . , m,i] let Y^j be Dj^jDij and let aj : Y^j — > y be the 
immersion. Note that if the cardinality of J is Z + 1, then the scheme Y^j 
is smooth of dimension n — l — 1. 

• For all < Z < m - 1 set y/° = U#j=i+i Y i,J and let a z : Y ^ ~> ^ be 
the projection. 

Then for each i = 1, 2 we have a resolution of R l tpAx t [—1] in terms of the sheaves 

J?VAxJ-Z] ^> KA(-Z) -+ • • • -> <_ U A(-Z)], 

where aJ l _ 1 ^A(— Z) is put in degree n — 1. 

Now let V/F be the special fiber of X Y x X 2 . Let 

Yj u j,= fl x F £» j2 ). 
jieJi,j 2 e./2 

Set Y^M = U # ,7 1= / 1+ i, # ,7 2=;2 +iy/ 1 ,.7 2 and let a h . h : Y^M ^ y be the 
projection. The scheme y( Zl ^ 2 ) is smooth of dimension 2n — 2 — Zi — l 2 . Note 
that y('i' J 2) = y x ((l) x y 2 ( ' 2) and that a (li ; 2 *A ~ a^A ® a^A, where the tensor 
product of sheaves is an external tensor product. 

Lemma 4.7. We have the following resolution of R l ipAx 1 <8> R k ~ l ipAx 2 [— k] as 
the complex 

a-Lk-i*M-k) -> a iife _ i+ i*A(-fc) © 0{ + i ife _j*A(-fc) -> >■ a„_i i „_i*A(-fc), 

where the sheaf a„_i i7l _i*A(— fc) is pttZ in degree 2n — 2. TTie general term of 
the complex which appears in degree l\ + I2 is 

a W2 *A(-fc) 

Zi>i 

; 2 >fe-( 

For each l\,l 2 the complexes a; 1 .; 2 *A(— Zi — Z2] are — (2n — 2) -shifted perverse 
sheaves, so the complex R k tpAx 1 xX 2 [—k] is also —{fin- 2) -shifted perverse sheaf. 

Proof. Each of the complexes R l ipAx 1 and R k ipAx 2 have resolutions in terms 
of ai i ; 1 *A(— Z) and a2.; 2 *A(— fc + Z) respectively, where Z < l\ < n — 1 and 
fc — Z < Z2 < n — 1. We form the double complex associated to the product 
of these resolutions and the single complex associated to it is a resolution of 
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R l ipA Xl <8> R k l ipA.x 2 [-k] of the following form: 

alk{-l)®al_ u k{-k + l) 



«i+i,A(-i) ® 4- ; * A (- fc + © o; 




A(-fc + /) 



a,\*AH)®aLA(-fc + 0- 



In the above complex, the sheaf a^_ 1>t A(— /) ® a^_ 1>t A(— fc + i) is put in degree 
2n — 2. Now we use the formula 



to conclude the first part of the lemma. The complex a; li ; 2 *A(— k)[— h — I2] is 
the direct image via ai lt i 2 * of the complex A(— k)[— h — h] on Y^ ll ' l2 \ Since 
yOi.b) j s sm ooth of dimension 2n — 2 — ?! — Z 2 , we know that A(— fc)[— Zi — Z 2 ] 
is a — (2n — 2)-shifted perverse sheaf, so its direct image under the finite map 
is also a — (2n — 2)-shifted perverse sheaf. We've just seen that each 
R l ipAx! ®R k ~ l ipAx 2 can be obtained from successive extensions of factors of the 
form a; li i 2 *A(— k)[— 1\ — h] and since the category of — (2n — 2)-shifted perverse 
sheaves is stable under extensions we deduce that R l ipAx 1 <8> R ipAx 2 [— k] is 
a — (2n — 2)-shifted perverse sheaf. Now R k ipAx 1 xx 2 [—k] = i=o R l '4}Ax 1 ® 
R k ~ l ipA X2 [— k], so it is also a — (2n — 2)-shifted perverse sheaf. □ 

Corollary 4.8. RtpAx 1 xx 2 is a —(2n — 2) -shifted perverse sheaf. The canonical 
truncation T<kRipAx 1 xx 2 is a filtration by — (2n — 2)-shifted perverse sheaves 
and the graded pieces of this filtration are the R k ipAx 1 xX 2 [— k]. 

Proof. The proof is exactly the same as that of Corollary 4.4. It suffices to show 
that each r< k RipA is a — (2n — 2)-shifted perverse sheaf and we can do this by 
induction, using the distinguished triangle 



Once everything is proven to be in an abelian category, the distinguished triangle 
becomes a short exact sequence and we get a filtration on RipAx 1 xx 2 with its 



a h .i 2 *A{-k) = aj^A(-l) ® aj^A(-k + I) 



(T< k - 1 RlpA Xl xX 2 , T< k RlpA Xl xX : 




ipA Xl xx 2 [-k]). 



desired graded pieces. 



□ 



Now we can deduce that there is a map 



N : R 



^A Xl xx 2 [-k] ^ R k ~^A Xl xx 2 [-(k - 1)]. 
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Indeed, since T acts trivially on the cohomology sheaves of RipAx 1 xx 2 , we 
deduce that N sends T< k Rif)Ax 1 xx 2 to T< k -iRipAx lX x 2 , which induces N. It 
remains to check that this induced map N restricted to R l tpAx 1 <8> R k ~ l ipAx 2 
is the same map as N\ ® 1 + 1 ® N 2 , sending 

R l 4>A Xl ®R k - l ^kx 2 \-k] -»■ (Rt-^Ax, ®R k ^A Xl @R l ^A Xl ^R k ' l ~^Ax 2 ) [-(fc-1)]. 

To see this, first notice that for each < I < k < n — 1 the complex 
T<iRipAx 1 <8> T<k-iRipAx 2 is a — (2n — 2)-shifted perverse sheaf, because it is 
the external tensor product of — (n — l)-shifted perverse sheaves on Xi and on 
X 2 . (See proposition 4.2.8 of [BBD]). Let 

T<i-iRipA Xl (E)T< k ^iRtpAx 2 +T<iRipA Xl <8> T< fe _ ( _ii?V>Ax 2 
be the image of 

T<i^ 1 R^Ax 1 ®T< k ^iR^Ax 2 @T<iRipA Xl ®T<k-i-iR^Ax 2 ->■ T< k -\R^A Xl xx 2 - 
We have a commutative diagram of — (2n — 2)-shifted perverse sheaves 

T< t RipA Xl ®T< k -iRil>Ax 2 T<kRipA Xl xx 2 



iVi®l + l®jV 2 



JV 



t<i-xR^A Xi ® T< k -iRtpAx 2 +r< l RipA Xl ® T< k -i- 1 RipA X2 >■ T< k -iRif>A Xl xx 2 , 

where the horizontal maps are the natural maps of complexes. 

Lemma 4.9. The image of Ri,k-l = T<iRtpAx 1 ® T< k ^iRtpAx 2 in R k ij)A[—k] 
is R l tpA Xl ® R k - l i>Ax 2 [-k]. 

Proof. The map of perverse sheaves Ri, k -i — > T< k RtpAx 1 xx 2 R k tpA[— k] 
factors through 

R l ipA Xl ® R k ~ l 4>A X2 \-k] ^ R k ipA[-k}. 

This can be checked on the level of complexes. We only need to know that the 
natural map 

R lM -i -4 R l tpAx 1 ® R k ~ l ipAx 2 [— fc] 
is a surjection. This follows once we know that the triangle 

Ri- hk -i + Ri, k -i-! -4 fl; ;fe _; A ijtyA*! ®i? fc "VAx 2 [-fc] 

is distinguished, since then it has to be a short exact sequence of — (2n — 2)- 
shifted perverse sheaves, so g would be a surjection. To check that the triangle 
is distinguished, it suffices to compute the fiber of g and check that it is quasi- 
isomorphic to 

M = f<i- 1 RipA Xl ® f< k -iRipAx 2 + f<iRipA Xl ® f< k -i-iRipA X2 - 
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Let JC' be a representative for RipAx 1 and C be representative for RipAx 2 - 
The degree j < k term of M and of the fiber of g are both equal to 

1-1 

/CW'- i 0K?'- fe+ '®ker(£ fe -< -> £ fe - (+1 ) kcr(/C ( -> /C (+1 )«>Z;^ 

i=j-fc+/+l 

and the differentials are identical. The last non-zero term A4 k in M appears in 
degree k and is equal to 

ker(/C ( -> /C' +1 )®im (Z;^- 1 £ fe -') + im (/C^ 1 -> /C z )®ker(£ fe -' -> £ fe -' +1 ). 

The main problem is checking that the following map of complexes is a quasi- 
isomorphism 

M k *-0 

h 

ker(/C' -> /C' +1 ) ® ker(£ fe -' -> £ fe -' +1 ) > <g> H k - l (C), 

where the left vertical arrow h is the natural inclusion. It is equivalent to prove 
that the object in the lower right corner is the cokernel of h. This follows from 
the Kiinneth spectral sequence, when computing the cohomology of the product 
of the two complexes 

t := [im (JC 1 - 1 -> K l ) -> kcr(/C ( /C' +1 )] and 

£ := [im (Z^-'" 1 -> £ fe -') -> kcr(£ fe -' £ fe -' +1 )] 

Indeed, since iJ^/C) = R l tpA Xl and i? 1 ^) = i? fe ~ ( ?/>Ax 2 are both flat over A the 
Kiinneth spectral sequence degenerates. We get H 2 (tC ® Z) = H 1 ^) ® H 1 ^) 
and this is exactly the statement that H l (K) ®H k ~ l (C) is the cokernel of /i. □ 

Putting together the above discussion, we conclude the following result. 

Proposition 4.10. The action of N on RipAx 1 xx 2 induces a map 

N : R k i,A XlxX2 [-k] -> fi fe -VAx lX x 2 [-(fc - 1)] 

which coincides with ATi®l + l®jV2 wften restricted to R l ipAx 1 <S>R k ~ l ipAx 2 [—k] 
for each < I < k. 

We now use the decomposition of R k tpAx 1 xx 2 [— k] in terms of R l ^pA Xl ® 
R k - l tpAx 2 [-fe] for < Z < fe and the resolution of R l ipA Xl <8> R k ~ l ipA X2 [-fe] in 
terms of a; 1; ; 2 *A(— fc)[— (Zi + Z 2 )] to get a resolution of R k ipAx 1 xx 2 [~k], of the 
form 

a Wa *A(-fe)® c U a W2 *A(-fc)® c U (2) 

h+h=k h+h=k+j 

where the first term is put in degree fe and the coefficients c* ; 2 count how many 
copies of a; 1; ; 2 *A(— fe) show up in the direct sum. 
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Lemma 4.11. Let cf l2 be the coefficient of a; li ; 2 *A(— k)[— (h + l 2 )] in the 
resolution of R k ipAx 1 xx 2 [~k]. Then 

c h,h = min(min(Zi, l 2 ) + 1, h + h - k + 1, k + 1). 

Proof. The coefficient c\ x l2 counts for how many values of < I < k the reso- 
lution of R l ipAx 1 <8> R k ~ l ipAx 2 contains the term a; l! ; 2 »A(— k)[— (7i + fe)]- This 
count is clearly bounded by k + 1, because there are fc + 1 possible values of L 
When /1 + l 2 — k + 1 < k + 1, the count is 

min(min(/i, l 2 ) + 1, h + l 2 — k + 1), 

because a; l! ; 2 »A(— k)[— (l\ + l 2 )\ will show up in the resolution of R ll ~ : >ipAx 1 <8> 
R k ~ h +^Ax 2 for all < j < h + l 2 - k + 1 which satisfy < h - j < k. 
When both l\ and l 2 are less than k, all the j £ 0, . . . , l\ + l 2 — k + 1 satisfy the 
requirement. When l 2 > k, there are exactly li + l values of j which satisfy the 
requirement and we can treat the case h > k analogously to get l 2 + 1 values of 
j. This covers the case h +l 2 < 2k. In the case l\ + 1 2 > 2k, we need to count 
all < j < k which satisfy < h — j < k. The result is 

min(min(7i, l 2 ) + 1, k + 1). 

This completes the determination of cf l2 . □ 

Note that for all h + l 2 <2k- 2, we have c, fe , < cf", 1 . For h + h = 2k - 1 
we always have min(Zi, l 2 ) + l<fc<fc + l, so that 

C L 2 = c h~ll =min(Z 1 ,/ 2 ) + l. 

However, c^ fe =fc + l>/c = c^ 1 and for + Z 2 > 2fc we have l2 > c\~l 2 - 
We now have an explicit description of 

N : R k ^A XlX x 2 [-k] -> i? fe -VAx lX x 2 [-fc] 

as a map of complexes with terms of the form Q)i 1+ i 2=k+ j i2 • .; 2 *A(— fc), 
which are put in degree fc + Writing N = N\ <g> 1 + 1 <g> N 2 as a map of 
complexes, we will be able to compute both the kernel and cokernel of N. First 
we need a few preliminary results. 

Lemma 4.12. Let C,T> be complexes in the derived category of an abelian cat- 
egory. Let f : C — > V be a map of complexes which is infective degree by degree, 
jk . Qk ^ pfc pfe _ co ^ er (•yfc") anc [ \ e i j) foe com pl ex with terms 

V k and differential d induced by the differential d of V. Then there exists a 
quasi-isomorphism Cone(f) ~ V. 

Proof. The proof is essentially a diagram chase. Since we are in an abelian 
category, we can pretend that our objects have elements and perform diagram 
chases. For an explanation of why we can do this, see [Re]. Alternatively, the 
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abelian category we want to apply this to is that of sheaves of A-modules on Y, 
so we can talk about sections. 

Note that Cone(f) is the complex which has the degree k term equal to 
V k C k+\^ The differential sends ( Xj2/ ) g T> k © C k+1 to (dx + f(y), -dy) G 

D fc+1 © C k+2 . There is a natural map of complexes Cone(f) — > f> which is 
defined degree by degree as V k © C k+1 -> P fe , where the map V k -> P fe is the 
natural projection and where C fe+1 is sent to 0. In order to check that this map 
is a quasi-isomorphism, we we just need to check that it induces an isomorphism 
on cohomology in degree k. We have the following diagram 

v k ~ 1 © c k — >■ v k © c k+1 — >■ v k+1 © c k+2 — - — • 



• . • s- >■ j) k >■ >- • • • 

Let (x,y) G kei(V k © C k+1 -> V k+1 _ © C k+2 ). This means that dx = -f k+1 (y). 
Assume that (x,y) 4 6 T> k /imD k ~ 1 . Then x - dx' = f k (y') for some x' G 
V k ~ l ,y' G C k . We find that f k+1 (dy') = df k {y') = dx = -f k+1 (y) and since 
jfe+i - g m j ec tive we conclude — dy' — y. So (x,y) = (f(y') + dx', —dy') which 
is the image of the element {x',y') G V^ 1 © C k . So the induced map on 
cohomology is injective. The proof that the map is surjective is even easier: 
take x G D k such that dx G im (C fe+1 -> V k+1 ). Then dx = -f(y) for a unique 
y G C k+1 . Then (x,y) x G ker(P fc -> P fe+1 ) and (x,y) G kcr(2? fc © C k+1 -> 
2? fe+1 © C fe+2 ). To see this, note that cfe + /(y) = by the choice of y and we 
also have dy = because d 2 x = —f(dy) = and because / is injective. □ 

Corollary 4.13. Assume that we are now working in the category D b c (Y, A) and 
that we have a map of bounded complexes f : C T> which is injective degree by 
degree. We can form the complex V as in Lemma 4-12. Assume that the short 
exact sequence of sheaves 

-> C k } -X V k -> V k -> 

is splittable. Assume also that C k [—k] andT> k \—k\ are — (2n — 2) -shifted perverse 
sheaves. 

Then T> k [—k] is a —(2n — 2)-shifted perverse sheaf and thus so is T> (since 
it is an extension ofV k [— k] for finitely many k). Moreover, the following is an 
exact sequence of —(2n — 2) -shifted perverse sheaves 

-^C -^V -^V ^0 

Proof. T> k [—k] is a — (2n — 2)-shifted perverse sheaf because it is a direct factor 
of V k [— k] and so T> is also a — (2n — 2)-shifted perverse sheaf. If A was torsion, 
then we could identify the category D b c (Y, A) with the derived category of the 
category of constructible sheaves of A-modules and the corollary would follow 
from Lemma 4.12. However, the cases we are most interested in areA = Qi or Q;. 
It is possible that by checking the definition of the category D b c (Y, A) carefully, 
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we could ensure that a version of Lemma 4.12 applies to our case. However, an 
alternative approach uses Beilinson's result which identifies D b c {Y,A) with the 
derived category of perverse sheaves on Y, see [Be]. 

We see that the map / : C — > T> is injective, since we can think of it as a map 
of filtered objects, which is injective on the fcth graded pieces for each k. Indeed 
C is a successive extension of the — (2n — 2)-shifted perverse sheaves C k [— k] and 
V is a successive extension of T> k [— k] and the fact that / is a map of complexes 
implies that / respects these extension. Let k be the largest integer for which 
either of C k and V k is non-zero. We have the commutative diagram of exact 
sequences 



^C k [-k] 



f k [-k] 







V k [-k] 



V 



-^C k ~ 1 [-k + 1] ^0, 

^V k - 1 [-k+ 1] *-0 



where the arrows on the left and on the right are injective. The fact that the 
middle map is also injective follows from a standard diagrm chase. (Note that 
we are working in the category of — (2n — 2)-shifted perverse sheaves, which is 
abelian, so we can perform diagram chases by [Re].) The injectivity of / follows 
by induction. 

By a repeated application of the snake lemma in the abelian category of 
— (2n — 2)-shifted perverse sheaves, we see that the cokernel of / is a succesive 
extension of terms of the form T> k [—k] . In order to identify this cokernel with T>, 
it suffices to check that the differential of V coincides in Ext 1 (2? fe [— k], V k ~ 1 [— k+ 
1]) with the extension class which defines the cokernel. To check this, it is enough 
to see that the following square is commutative 

V^l-k + l] ^V k [-k + l] , 



/*-i[_ fe+ i] 



f k [-k+i] 



V k ~ l [-k + l] ^V k [-k + l] 

where the top (resp. bottom) horizontal map is the boundary map obtained 
from considering the distinguished triangle {V k [— k},V 7 V k ~ 1 {— k + 1]) (resp. 
(■D k [-k],V',T> k - 1 [-k + 1])) in D b c {Y, A). The top boundary map is the differ- 
ential of V and if the square is commutative, then the bottom map must be the 
differential of T>. The commutativity can be checked by hand, by making the 
boundary maps explicit using the construction of the cone. (There is a natural 
map 

V k [-k] 



V^i-k + l] 
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which is a quasi- isomorphism in D~.(Y, A). The boundary map of the distin- 
guished triangle is obtained by composing the inverse of this quasi-isomorphism 
with the natural map 

V k [-k] >■ V' ■ 



V k [-k] ^0 

The same construction works for T> and it is straightforward to check the com- 
mutativity now.) □ 

Lemma 4.14. Let k > 1. Consider the map 

N : R k ^A XlX x 2 [-k) i? fc -VA XlX x 2 [-(fc - 1)]. 

Define the complex 

V k = a kM A(-k) ^1 a feife+ i*A(-fc) (J) a k+1M A(-k) -> • • • ^1 a n _ 1) „_ 1 *A(-A;) 

w/iere ak,k*A(—k) is put in degree 2k. The factor ai lt i 2 *A(—k) appears in the 
resolution of V in degree li + l 2 whenever k < Zi,Z 2 < n — 1. Also define the 
complex 



fe-i 

0a Jj n_ J »A(-(<; - 1)) -> ► Ofc-i,fe-i*A((-(fc - 1)) 



w/iere the first term is put in degree k — 1 and the term a; ll ; 2 *A(— (k — 1)) appears 
in degree l\ + li "whenever < h,h < — 1- 
T/ien Pfe ~ kcr(iV) and 7e fe ~ coker(N). 

Proof Note that both 'Pfc and 7£fc are — (2n — 2)-shifted perverse sheaves, by 
the same argument we've used before. The proof will go as follows: we will 
first define a map Vk — > R k ijjAx 1 y.x 2 [~k] and check that N kills the image of 
Vk- We use Corollary 4.13 to check that the map Vk — > R k '4>Ax 1 xx 2 [—k] is an 
injection and to compute its cokernel Qk- Then we check using Corollary 4.13 
again that the induced map Qk — > R k ~ 1 ipA[— (k — 1)] is an injection and we 
identify its cokernel with 1Z. 

For the first step, note that it suffices to define the maps 

f h ' h : a IllIa ,A(-fc) -> a h ^A(~kf^ 

for all h, I2 > k and we do so by x i-> (x, —or, . . . , (— l) fe x). These maps are 
clearly compatible with the differentials AS, so they induce a map / : Vk — > 
R k tpAx 1 xx 2 [~k] (this is a map of complexes between V and the standard rep- 
resentative of R k ipAx 1 xx 2 [~ k}). Moreover, we can check that the restriction 

N : a lul2 »A(-k)^ k +V -> a W2 »A(-fc)® fc 
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sends (x, -x, . . . , (-l) k x) h-» (0, . . . , 0). 

Indeed, the jth factor a; l! ; 2 »A(— k) appears in the resolution of WipAx 1 ® 
R k ~ j ipAx 2 [~k]. The latter object is sent by A\®1 to Ri- 1 ipA Xl ®R k -iipA X2 [-(k- 
1)] for 1 < j < k and by 1 ® iV 2 to R j ipA Xl ® R k - 1 ~ : >ipAx 2 [-{k - 1)] for 

< j < fc - 1. We also know that TVi ® 1 kills R°ipA Xl ® R k i>A X2 [-k] and 
similarly 1 ® N 2 kills R k ipA Xl ® R°ipA X2 [—k]. By Lemma 4.5, we find that for 

1 < j < k - 1 

(0, . . . , 0, x, . . . , 0) (0, . . . , x ® i,(T), x ® U{T), . . . , 0), 

where the term x is put in position j and the terms x®ti(T) are put in positions 
j — 1 and j. We also have 

(x, 0, . . . , 0) (x®t ; (T),0,...,0) and (0, . ..,0,x) ^ (0, . . . , 0, x ® U{T)). 

Thus, we find that N sends 

(x, -x, . . . , (-l) fe x) i ^ {x®ti(T)-x®ti{T), . . . , (-l) fe - 1 x®t ( (T) + (-l) fc x«)t i (T)), 

and the term on the right is (0, . . . , 0). Since we have exhibited N o / as a 
chain map and we've checked that it vanishes degree by degree, we conclude 
that Nof = 0. Thus, f(P k ) C kcriV. 

Note that for all h,fo we can identify the quotient of a; l! ; 2 »A(— fc)©( fc + 1 ) by 
f ll ' l2 (a tl j 2lf A(—k)) with a; lj ; 2 »A(— k)® k . The resulting exact sequence 

-> 0ll ,, a ,A(-fe) ^ a il!i2 »A(-fc)®( fc+1 ) -> a;i , (2 »A(-fc) efe 

is splittable, because the third term is free over A. By Corollary 4.13, the map 
/ :Vk — ► R k ipA XlxX2 [—k] is injective and we can identify degree by degree the 
complex Qfc representing the cokernel of /. In degrees less than 2k — 1, the 
terms of are the same as those of R k ipA Xl xX2 [— k] and in degrees at least 
2k — 1, they are the terms of R k ~ 1 ipA Xl xX2 [—k + 1]. 

To prove that the induced map Qk — > R k ~ 1 ipA XlxX2 {—(k — 1)] is injective 
it suffices to check degree by degree and the proof is analogous to the one for 
/ : Vk — > R h ipA XlxX2 {—k}. The cokernel is identified with IZk degree by degree, 
via the exact sequence 

-> a llM *A(-k)^ k -V V a luh »A(-(k - l)) fflfe -> a W2 *A(-(fc - 1)) -»• 

for < h,l 2 < k - 1. □ 

Note. 1. The complex "Pfe has as its factors exactly the terms a; lj ; 2 *A(— fc)[— (h + 
I2)] forwhichc^ ; 2 — c^ 1 = 1, while IZk has as its factors the terms a; 1; ; 2 *A(— (fc— 
l))[-(h + h)\ for which c\;l - cf i>i2 = 1. 

2. Another way to express the kernel of N is as the image of R 2k ipA XlxX . 2 [—2k] 
in R k TpA XlxX2 [—k] under the map 

JVf <8> 1 - N^ 1 ®N 2 + --- + (-l) fc l ® N k . 

This follows from Lemmas 4.5 and 4.14. 
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Corollary 4.15. The filtration of Rip Ax ± xx 2 by T<kR' l P^-x 1 xx 2 induces a filtra- 
tion on ker N. The first graded piece of this filtration gr 1 ker N is R°ipAx 1 xx 2 ■ 
The graded piece gr k+1 ker TV of this filtration is Vk- 

Proof. We've already seen that N maps all of R°ipAx 1 xx 2 to 0, since T acts 
trivially on the cohomology of RtpAx 1 xx 2 - This identifies the first graded piece 
to be R°iPA Xl xx 2 - 

In order to identify the (fc+l)st graded piece, we will once more pretend that 
our shifted perverse sheaves have elements. We can do this since the (2 — 2n)- 
shifted perverse sheaves form an abelian category and we only need to do this 
in order to simplify the exposition. First notice that gr k ker N C Vk, since 
anything in the kernel of N reduces to something in the kernel of N. 

So it suffices to show that any x G Vk lifts to some x G kcriV. Pick any 
x G T<kRTpAx x xx 2 lifting x. Since TV sends x to 0, we conclude that N maps 
x to T<k-2R'4 ! Ax 1 xx 2 - The image of Nx in R k - 2 ipA Xl xx 2 [-k + 2] depends 
on our choice of the lift x. However, the image of Nx in IZk-i only depends 
on x. If we can show that that image is 0, we conclude that we can pick a lift 
x such that Nx G r<fc_3i?i/>A. We can continue applying the same argument 
while modifying our choice of lift x, such that Nx G T<k-jRipAx 1 xx 2 for larger 
and larger j. In the end we see that Nx = 0. 

It remains to check that the map Vk — > Ttk-i sending x G Vk to the image 
of Nx in 7Zk—i is 0. We can see this by checking that any map Vk — > Hk-i 1S 0. 
Indeed, we have the following decompositions of Vk and Tlk-i as (2 — 2n)-shifted 
perverse sheaves: 

V k = a k ,k*A(-k) ^1 a feife+ i*A(-fc) ^ a k+ i,k*A(-k) -t ■ ■ ■ ^1 a„_i,„_i*A(-A;) 



and TZk-i = 



fe-i 

a jik -2-j*A(-(k -2))-> > a k -2, k -2*A((-(k - 2)) 

3=0 



Each of the factors a^^A is a direct sum of factors of the form aj lt j 2 *A, 
where cardJ^ = ij for i = 1,2 and aj lt j 2 : Yj 1 .j 2 Y is a closed immersion. 
Each factor aj lt j 2 *A is a simple (2 — 2n)-shifted perverse sheaf, so we have 
decompositions into simple factors for both V k and TZk-i- It is straightforward 
to see that V k and TZk-i have no simple factors in common. Thus, any map 
Vk — > Tlk-i must vanish. The same holds true for any map Vk — > Tlk-j for any 
2 < j < k. □ 

The filtration with graded pieces Vk on ker N induces a filtration on ker N/imNf] 
keriV whose graded pieces are Pfc/imiV. Indeed, it suffices to check that the 
image of imiV in V k coincides with imiV. The simplest way to see this is again 
by using a diagram chase. First, it is obvious that for 

N : R k iPA Xl xx 2 -> R k ~ 1 ipA Xl xx 2 

we have imiV C gr k m\N . Now let x G gr k 'miN . This means that there exists 
a lift x G T<k-iRtpAx 1 xx 2 of x and an element y G T< k +jRipAx 1 xx 2 with 
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< j < 2n — k such that x — Ny. In order to conclude that x G imN, it suffices 
to show that we can take j = 0. In the case j > 1, let y G R k+3 \pAx 1 xx 2 be the 
image of y. We have Ny = and in this case we've seen in the proof of Corollary 
4.15 that we can find y^ 1 ) G T<k+j-iR^Ax 1 xx 2 such that N(y — y^) = 0. In 
other words, x = Ny^ 1 ) and we can replace j by j — 1. After finitely many steps, 
we can find yd) g T< k RipAx 1 xx 2 sucn that x — Nyd) . Thus, x G imN. 

Lemma 4.16. The filtration of RipAx 1 xx 2 by T<kRipA induces a filtration 
on kerN/imN n ker N with the (k + l)-st graded piece a k ,k*A(— fc)[— 2k] for 
< k < n - 1. 

Proof. First, we need to compute the quotient R°ipAx 1 xx 2 /imN, which is the 
same as R°ipAx 1 xx 2 /Qi = TZ-i and 1Z\ ~ ao,o* A by Lemma 4.13. 

Now we must compute for each k > the quotient of (2 — 2n)-shifted perverse 
sheaves Vk/'vmN. This is the same as Vk/Qk+i, which is also the image of Vk 
in IZk+i via 

V k ^ R k ipA[-k] -»ft fc+ i. 

Recall that we have decompositions for both Vk and IZk+i in terms of simple 
objects in the category of (2 — 2n)-shifted perverse sheaves, 



Vk 



a/c,fc*A(-fc) ^1; a fc , fc+ i» A(-fc) £J) a fc+ i,fe*A(-fc) -> • • • ^1 a n _i in _i*A(-fe) 



and 7^fe + i 



fc+i 

@aj ;fc _j*A(-fc) ->■ ► a k ,k*A{-k) 

3=0 



The only simple factors that show up in both decompositions are those that 
show up in afe,fe*A(— k)[— 2k], so these are the only factors that may have non- 
zero image in TZ k +i- Thus, V k /imN is a quotient of a k>kt ,A(— k)[— 2k] and it 
remains to see that it is the whole thing. As seen in Lemma 4.14, the map 
Vk — > Tlk+i can be described as a composition of chain maps. The composition 
in degree 2k is the map 

a kM A(-k) ^ a kM A(-k)® k+1 -» a kM A{-k) 

where the inclusion sends x n> (x, —x, . . . , (— l) fe+1 a;) and the surjection is a quo- 
tient by (x, x, 0, . . . , 0), (0, x, x, . . . , 0), . . . ,(0, . . . , 0, x, x) for x G ak,k*A(—k). 
It is elementary to check that the composition of these two maps is an isomor- 
phism, so we are done. □ 

Analogously, we can compute the kernel and cokernel of 

N j : R k i>A Xl xx 2 [-k] -»• R k ~^A Xl [-k + j] 

for 2 < j < k < 2n — 2 and use this to recover the graded pieces of a filtration 
on ker A"'/ ker AP" 1 and on (ker N 3 / ker N° ~ 1 ) / (imN (~l ker N 3 ) . 
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Lemma 4.17. Let 2 < j < 2n — 2. The filtration of RipAx 1 xx 2 by T<fci??/A 
induces a filtration on 

(ker N j j kcr N j ~ 1 ) / ( imN n ker A" ) . 

TTie first graded piece of this filtration is isomorphic to 

0ai, H _i,A(-i + l)[-i + l]. 

i=0 

For k > 1, the (k + l)-st graded piece is isomorphic to 

(kcr N V ker N 1 - 1 ) / ( imN n ker A J ' ) 

wftere 

jV-j : i? fe +^VA[-(fc + .j- 1)] -> i? fe "VA[-fc+ 1]. 
More explicitly, the (k + l)-st graded piece is isomorphic to 

3 

a k+i -i,k+j-i*H-(k + j- l))[-2fc - j + 1]. 

Proof. We will prove the lemma by induction on j. The base case j = 1 is 
proven in Corollary 4.15 and Lemma 4.16. Assume it is true for j — 1. 
To prove the first claim, note that the first graded piece of 

(tear N j /imN n kcr A"')/( kCT N^/imN D kcr A"'" 1 ) 

has to be a quotient of 

RP-^x^xA-j + ^IQj-Kj. 

This is true because r<j_ii?i/'Aj) S : lX x 2 Q ker N^ and T<j-2R^pAx 1 xx 2 _! kerAP -1 
and 

i? J_1 ^Ax lX X 2 [-j + 1] = T<j-iRl/;Ax 1 xX2/T<j-2Ri>A-X 1 xX 2 - 

More precisely, the first graded piece has to be a quotient of 

Kj/Qser N j - 2 /imN n kcr N j ~ 2 ) 
by the second graded piece of 

(kcr A" - 1 / ker N j ~ 2 ) / (im N D kcr N j ~ 1 ) . 
(Here, we abusively write 

ker N j ~ 2 /imN n ker A" -2 
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where we mean the image of this object in Rj.) By the induction hypothesis, 
this second graded piece is 

j-i 

0a i;j _;*A(-j + l)[-j]. 
i=i 

Continuing this argument, we see that in order to get the first graded piece of 
(ker TV?/ ker N^ -1 ) / {\mN n ker TV- 5 ) we must quotient TZj successively by 

j-k 

Q)a k +i-i,j-i*A(-j + l)[-k -j + l], 

with k going from j — 1 down to 1. (This corresponds to quotienting out suc- 
cessively by the jth graded piece of kerTV/(imTV n ker TV), the (j — l)st graded 
piece of (ker TV 2 / ker TV)/(imTV D ker TV 2 ) down to the second graded piece of 
(ker A" - 1 / ker TW " 2 ) / (imTV n ker A" - 1 ) . ) We know that 



j-1 

©««,j-i-»A(-(j -!))-> ► aj_ij_i,A((-(j - 1)) 

.t=0 



with general term in degree k + j — 1 equal to 

j-k 

0»i!+i-ij-»A(-(i - 1). 

1=1 

After quotienting out successively, we are left with only the degree j — 1 term, 
which is 

3-1 

0a i;j+1 _»A(-(j-l))[-(j-l)], 

i=0 

as desired. 

In order to identify the (k + l)-st graded piece of 

(ker N 1 j ker N 3 ~ 1 ) / (imTV n ker N 1 ) 

for k > 1, we first identify the kernel of TV J : R k+j ~ 1 ipA Xl xx 2 -> -R^ 1 xx 2 
as a map of perverse sheaves, as in Lemma 4.14. Then we can identify it with 
the (A; + l)-st graded piece of kerTV J as in Lemma 4.16 and quotient by Qk+j- 
Finally, we can use induction as above to compute the (k + l)-st graded piece 
of (ker A" / ker N 1 ~ 1 ) / (imTV n ker W ) . □ 

Let 

Gr«Gr pj RVA = (kerTV p n imTV 9 ) /(ker TV P_1 n imTV 9 ) + (ker N p n imTV« +1 ). 
The monodromy filtration M r Ripk has graded pieces Gr^ Rip A isomorphic to 
Grf^A- Gr 9 Gr p i#A 
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by Lemma 2.1 of [Sa2], so to understand the graded pieces of the monodromy 
filtration it suffices to understand the Gr 9 Gr p .R^>A. Lemma 4.17 exhibits a 
filtration on Gt°Gt p RiIjA with the (A; + l)-st graded piece isomorphic to 

p 

(J) a k +i-i,k+ P -i*M-{k + P - l))[-2fc-p+ 1]. 
i=i 

The action of N q induces an isomorphism of Gr°Gr p+q RipA with Gr q GT p R^A, 
so there is a filtration on the latter with the (k + l)-st graded piece isomorphic 
to 

p+q 

a k +i-i,k+ P + q -i*H-(k + p - l))[-2fc -p- q + 1]. 

i=l 

We can use the spectral sequence associated to a filtration to compute the terms 
in the monodromy spectral sequence 

E r,m-r = jjm^ gJ .M = Q jjm^ Gr 1 Gr pR%l , K) 

p—q——r 

^H m {Y f ,R^A) = H m {X K ,A). 
Corollary 4.18. There is a spectral sequence 

p+q 

E^" 1 -"- 1 = H m (Y f , a fe+i _ life+p+g _«A(-(fe + p - l))[-2fc - p - q + 1]) 

i=l 

^ H m {Y f , Gr q Gr p R%l}A) 
compatible with the action of Gr ■ This can be rewritten as 
p+q 

E k + l,m-k-l = Q ^ m -2fe- P - 9 +l (y _(fe+i-l,fc+P+ ? -i) ) A( _ (fc + p _ 
i=l 

=4> ff m (r f , Gr«Gr p i?7/;A). 

Proof. This follows from Lemma 5.2.18 of [Sal], since all filtrations we are work- 
ing with are filtrations as (2 — 2n)-shifted perverse sheaves and these correspond 
to quasi-filtrations in the sense of M. Saito in the derived category. □ 

4.3 More general schemes 

In this subsection, we will explain how the results of the previous section con- 
cerning products of semistable schemes apply to more general schemes, in par- 
ticular to the Shimura varieties Xjj/Ok- 

Let X' J Ok be a scheme such that the completions of the strict henselizations 
O x , s at closed geometric points s are isomorphic to 

W[[X U . . . , X n , Yx,... Y n }]/(X n X ir -n,Y h Y je - n) 
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for some indices ii, . . . , i r ,ji, ■ ■ ■ ,j s S {1, . . . n} and some 1 < r, s < n. Also 
assume that the special fiber Y' is a union of closed subschemes Y[ ■ with j G 
{1, . . . n}, which are cut out by one local equation, such that if s is a closed 
geometric point of Y{ j, then j G . . . , i r } and Y^' • is cut out in 0^-, g by the 
equation Xj = 0. Similarly, assume that Y' is a union of closed subschemes Y 2 ' j 
with j G {1, . . . , n}, which are cut out by one local equation such that if s is a 
closed geometric point of Y^j then j G {ji, . . . ,j r } and Y 2 ' • is cut out in 0^-, s 
by the equation Yj ■ = 0. 

Let X/X' be smooth of dimension to and let Y be the special fiber of X and 
Yjj = Yj' • Xx' A for i = 1, 2 and j = 1, . . . , n. As in Lemma 2.9, A' is locally 
etale over 

r s 

X r , s = Spec O k \X u ...,X n ,Y u ... Y„]/(Q A, - tt, JJ Yj - tt), 

»=i j-i 

so A is locally etale over 

r s 

A r , Sim = Spec O k [Xi, . . . , A„, Yi, . . . Y n ,Z x , Z m ]/(Y\_Xi - tt, JJ Yj - 7r), 

»=i j-i 

which is a product of semistable schemes. The results of Section 3 apply to 
A' and it is easy to check that they also apply to A. In particular, we know 
that the inertia Ik acts trivially on the sheaves of nearby cycles R k ipA of A 
and we have a description of the R k ipA in terms of the log structure we put on 
A/Spec Ok- Let a* : Yij — > Y denote the closed immersion for i = 1,2 and 
j G {1, . . . n}. Then by Corollary 3.7, we have an isomorphism 

R k ^A(k) ~ A fe ((©J =1 a^A)/A+ (®] =1 a%A)/A) 

For i = 1, 2 and J» C {1, . . . , n}, let 

*Ji,J a = (nj-xeJi^ijjn^eJa^) 
and let aj^ja : Y/ 1; j 2 — > Y be the closed immersion. Set 

#j 1 =; 1 +i,#j 2 =; 2 +i 

and let ai lt i 2 : Y^ 1 '' 2 ) — > Y be the projection. The scheme y('i>' 2 ) is smooth of 
dimension dim Y — l\ — h (we can see this from the strict local rings). 
We can write 

k 

R k^ A ~ A z ((©^ =1 a),A)/A) ® A fc - z ((©J =1 a^A)/A)(-fc) 
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and then define the map of sheaves on Y 

k 

9 k : R k ^A ->• ai tk -i*A(-k) 
1=0 

as a sum of maps for I going from to k. First, define for i = 1, 2 

;» li+i 

: A((®"=i4* A )/ A ) -»• A (®"=i4* A ) 

by sending 

a} 1# A A • • • A aj-^A -)■ ®jWi,-J ls a ji* A A • • • A a*- .„A A aj-.A 

via 1 (1, . . . , 1). (It is easy to check that the above map is well-defined.) Then 
notice that 

A Z+1 (©? =1 a}»A) ® A fe+1 -'(©a^A) ~ a ; , fe _,»A. 
Indeed, for Ji, J 2 C {1, . . . , n) with #Ji =1 + 1, ffj 2 = fc + 1 — I we have 

( A a li* A )®( A a ?2* A ) - a Ji,h* A 

because Yj 1 .j 2 = ((^j 1 e,J 1 Yij 1 ) x y (f~lj 2 e,/ 2 l2,j 2 ) and we can sum the above 
identity over all J\ , J 2 of the prescribed cardinality. 

Lemma 4.19. The following sequence is exact 

k fc+1 
2n-2 

-> a ; , 2n _ 2 _^A(-fc)® c ^— « -> 
2=0 

where the first map is the one defined above and the coefficients Cj ; 2 are defined 
in Lemma J^.ll. The remaining maps in the sequence are global maps of sheaves 
corresponding to A8\ ± A<5 2 , where Si <E ©™ = ia**A is egita^ to (1,...,1) for 
i = 1,2. These maps are defined on each of the cf ; 2 factors in the unique way 
which makes them compatible with the maps in the resolution (2). 

We can think of 9k as a quasi-isomorphism of R k ipA{— k] with the complex 

k 2n-2 

0a; :fc _^A(-fc) 0c '.'=-' -> > a;, 2n -2-z*A(-fc) 0c U-2- S 

2=0 i=o 

where the leftmost term is put in degree k. 
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Proof. It suffices to check exactness locally and we know that X is locally etale 
over products X\ Xq k X 2 of semistable schemes. Lemma 4.7 proves the above 
statement in the case of X\ x q k X 2 and the corresponding sheaves on Y are 
obtained by restriction (etale pullback) from the special fiber Y\ XpF 2 ofliXo K 
X 2 . □ 

Corollary 4.20. The complex Rip A is a — dimY -shifted perverse sheaf and 
the canonical filtration T<uRipA with graded pieces R k ipA[— k] is a filtration by 
— dimY -shifted perverse sheaves. The monodromy operator N sends T<kRtpA 
to T<k-\Rij)A and this induces a map 

N : i? fc VA[-fc] -> i? fc -VA[-fc + 1]. 

The next step is to understand the action of monodromy N and obtain an 
explicit description of TV in terms of the resolution of R k ipA given by Lemma 
4.19. This can be done etale locally, since on the nearby cycles for X\ Xq k X 2 
we know that N acts as N\ <8> 1 + 1 <S> N 2 from Proposition 4.10 and we have a 
good description of N\ and N 2 from Lemma 4.5. However, we present here a 
different method for computing N, which works in greater generality. 

Proposition 4.21. The following diagram is commutative: 

R k+1 ijjA[-k - 1] [0 ^ R k+1 ipA] 



N 



®t,(T) 



R k iPA[-k] ^— »- [i*R k+1 j*A(l) ^ R k+1 ijjA(l)} 

where in the right column the sheaves R k+1 ipA are put in degree k + 1. 

Remark 4.22. The fact that the above formula could hold was suggested to us 
by reading Ogus' paper [O], which proves an analogous formula for log smooth 
schemes in the complex analytic world. The proof is identical to the proof of 
part 4 of Lemma 2.5 of [Sa2], which is meant for the semistable case but does 
not use semistability. The same result should hold for any log smooth scheme 
X/Ok with vertical log structure and where the action of I K on R k ipA is trivial 
for all k. 

For < k < 2n — 2 define the complex 

k 2n-2 

A : = [^2 c Lk-l a l,k-l*H-k) > ^2 C t2n~2-iaL2n-2-l*H-k)], 

1=0 1=0 

where the sheaves ai_k-i*A(— k) are put in degree k. We will define a map of 
mplexes Ck+i — > £k(— 1) degree by degree, as a sum over h+l 2 = k' of maps 

:a W2 A 0cU ->a Illl2 .A® c U. 



CO 
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Note that each coefficient Cj l<2 reflects for how many < V < k the term 
a; li ; 2 *A appears in the resolution of 

l' k-l' 

A((©;=i«)* A )/ A ) ® A m=i a % A )/ A )(- k )- 

The set of such I' has cardinality cj 8 ; 2 and is always a subset of consecutive 
integers in {1, . . . , fc}. Denote the set of V by j . Thus, we can order the 

terms a/ li ; 2 *A by Z' and get a basis for (a; li ; 2 *A) ffic, i' i 2 over ai lt i 2 *A. It is easy 
to explain what f l1 ' 12 does to each element of it sends 

l> & cf+l^{l'-i,l'}nck tl2 . 

When both V — 1,1' G Cf , 2 , the element of the basis of (aj^^A)® ^ given 
by (0, ... 0, 1, 0, ... , 0) where the 1 appears in the position corresponding to V is 

sent to the element of the basis of (a^ ,i 2 *A)® c, i' , 2 given by (0, . . . , 0, 1, 1, 0, . . . , 0) 
where the two l's are in positions corresponding to V — 1 and V . If Z' — 1 C\ l2 
but V e Cf^ then V = and (1, 0, . . . , 0) (1, . . . , 0). If Z' - 1 e Cf^ but 
Z' ^ Cf i i2 then Z' = fc + 1 and (0, . . . , 0, 1) ^ (0, . . . , 0, 1). This completes the 
definition of f^M. 

Corollary 4.23. The following diagram is commutative 

R k+1 ^A[-k - 1} C k+ i , 

N 

R k ibA[-k] — ^ C k 

where the sheaves on the right are put in degree 2n — 2. The map f is a map of 
complexes, which acts degree by degree as 

f = / Ii,,a [-fc-i]®*i(T), 

h+h=k' 

where f 1 ^ : ai lt i 2 A® c ^^ -> a; 1; ; 2 *A ec ^ i 2 was defined above. 

Proof. This can be checked etale locally, using Proposition 4.10, which states 
that N — iVi ® 1 + 1 ® iV2 over a product X\ x q k X 2 of semistable schemes 
and using the fact that each of the Ni can be described as 







W fe+u A(-(fc + l)) 



5A 



5A 



4M-k) 



8A 



4+i*A(-fc) 



<5A 



5A 



^<_ u A(-(fc + l)) 
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for i = 1,2. 

This can also be checked globally, by using Proposition 4.21 to replace the 
leftmost column of our diagram by 







■ R k+1 ^A , 

®ti(T) 

i*R k+1 j*A(l) *- R k+1 ^A{1) 

where the left column is put in degree k. In fact, it suffices to understand the 
map of complexes 

>- R k+1 ^A , 

id 

i*R k+1 j«A ^ R k+1 ipA 

and check that it is compatible with the map 



0- 



2n-2 k+l 



Ezn- 
1=0 



,2n-2- 



/ fc ®t|(r) _1 



iai,2n-2-l*A(-k - 1) . 



2 ®ti(T)~ 1 



*■ £?=0 2 4,2n-2-l a l-,2n-2-l*A(-k - 1) 



E?=o c tfc-;«i,fc-i»A(-fc - 1) > • • • 

Let K = Cone(/ <g> ii(T)" 1 : -> £*,(-!)). The triangle 



R k ipA[-k - 1] ^ i*i? fe+1 j*A[-/c - 1] > iJ^+^AI-ft - 1] - J? fe ^A[-fc] 

is distinguished. It suffices to see that we can define a map g : i*R k+1 j* A[— k] — > 
JC which makes the first two squares of the following diagram commute: 



R k ^A[-k - 1] » i*R k+1 j*A[-k - 1] 

o k [-i] s[-i] 
£ fc (-l)[-l] K[-l] 



R k+1 iPA[-k - 1] N ® U{T) \ R k i)A[-k] 



7k+l 



■C k (-1) 



If the middle square is commutative, then there must exist 6' : R k ipA[— k — 1] — > 
1)[— 1] making the diagram a morphism of distinguished triangles. Then 
9' would make the first square commutative, so 9' and 1] coincide once they 
are pushed forward to /C[— 1]. However, 



Hom(i?VA[-fc - l],£ fe+ i[-l]) ~ Hom(i? fc VA[-fc],i? fc+ VA[-fc - 1]) = 0, 
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so the Horn exact sequence associated to the bottom distinguished triangle im- 
plies that 9' = 0k[— 1]. The diagram above is a morphism of distinguished 
triangles with 6k[— 1] as the leftmost morphism. This tells us that the third 
triangle in the diagram is also commutative, which is what we wanted to prove. 
We can compute i*R k+1 j*A using the log structure on X: 

n n 

i*R k+1 j*A ~ A k+1 ((0 a},A80 a % A )/(^ • ■ • 1, 0, . . . 0) = (0, . . . , 0, 1, . . . , 1)). 

We can also compute K, explicitly, since we have an explicit description of each 
f k i' 1 '* 2 . The first non-zero term of JC appears in degree k and it is isomorphic 
to 

k 

a;,fe-i*A. 

Z=0 

There is a natural map of complexes i*i? fe+1 j*A[— fc] — > K., which sends 
aJuJ 2 * A ^ aj;,,/ 2 *A© a JuJ ^A, 

J[ D Jl , # J( =# Jl + 1 4 D J 2 , # 4 = # J 2 + 1 

when Ji, J 2 are both non-zero. The map sends 

a Ji,0*A^ a JltJ ^A and a 0i j 2 *A -> aj|,j 2 *A. 
#4=1 #j;=i 

It is easy to see that the above map is well-defined on i*R k+1 j*A{— k] and that it 
is indeed a map of complexes. It remains to see that the above map of complexes 
i*R k+1 j*A[— k] — > K, makes the first two squares of the diagram commute. This 
is tedious, but straightforward to verify. □ 

Remark 4.24. Another way of proving the above corollary is to notice that 
Proposition 4.21 shows that the map 

N : R k+1 ^A[-k - 1] -> R k ^A[-k] 

is given by the cup product with the map 7 ® U{T) : M^(—k — 1) — > A(— fc)[l] 
where 7 : M^eZ — > A[l] is the map corresponding to the class of the extension 

-> A -> M 9P -»• M r s e p ; -> 

of sheaves of A-modules on Y. Locally, X is etale over a product of semistable 
schemes X\ x q k X 2 and the extension M 9P is a Baire sum of extensions 

-> A -> Mf p -> Mf p re , -> and 

-> A -> Mf Mf rei -> 0, 

which correspond to the log structures of Ai and A 2 and which by Proposition 
4.21 determine the maps JVi and _/V 2 . The Baire sum of extensions translates 
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into N — Ni ® 1 + 1 (g> N 2 locally on Y . However, it is straightforward to check 
locally on Y that the map / : Ck — >• £k+i is the same as N\ <g> 1 + 1 <g> N 2 . Thus, 
/ and N are maps of perverse sheaves on Y which agree locally on Y, which 
means that / and N agree globally. This proves the corollary without appealing 
to Proposition 4.21. (In fact, it suggests an alternate proof of Proposition 4.21.) 

Lemma 4.25. The map N : R k ipA[-k] ->• R k ^ 1 ipA[-k + 1] has kernel 



a,k,k* A(-fc) <4 a n — l,n— 1* A(-fc) 



w/iere £/ie /irs£ £erm is pu£ m degree 2k and cokernel 



fe-i 

aj, fc _i_j»A(-(fc - 1)) -> ► a fc _i )fe _i*A((-(A; - 1)) 



w/tere £/ie /irst ierm is pu£ in degree k — 1 . 

Proof. The proof is identical to the proof of Lemma 4.14, since by Proposition 
4.21 we have a description of A^ as a degree by degree map 

□ 

Corollary 4.26. TTie filtration of RipA by T<kRtpA induces a filtration on 
kcr N. The first graded piece of this filtration gr 1 ker N is R°tpA. The graded 
piece gr k+1 ker N of this filtration is Vk- 

Proof. This can be proved the same way as Corollary 4.15. The only tricky part 
is seeing that we can identify a graded piece of ker A' with a graded piece of 
ker N. In other words, we want to show that for N : R k tpA[— k] — > R ipA[—k+ 
1] and x G kcr A^ we can find a lift x E T<kRtpA of x such that x G kerA^. As 
in the proof of Corollary 4.15, we can define a map Vk — > TZ-k-i sending x to 
the image of Nx in IZk-i, which turns out to be independent of the lift x. We 
want to see that this map vanishes but in fact any map Vk — > T^-k-i vanishes. 
Note that 

aj 1 ,/ 2 *A[-Zi -h]~ (J) a s , T *A[~li - l 2 ]. 

#S=h + l,#T=l 2 + l 

The scheme Fs,t is smooth of pure dimension dimY" — l\ — l 2 and so it is a 
disjoint union of its irreducible (connected) components which are smooth of 
pure dimension dimY" — l\ — l 2 . Thus, each as.r* A[— Zi — l 2 ] is the direct sum 
of the pushforwards of the — dim Y-shifted perverse sheaves A[— 1\ — l 2 ] on the 
irreducible components of Y$^t- Thus, we have a decomposition of a; 1 ./ 2 *A[— 1\ — 
l 2 ] in terms of simple objects in the category of — dim Y-shifted perverse sheaves. 
It is easy to check that Vk and IZk-j for k > j > 1 have no simple factors in 
common, so any map Vk — > Hk-j must vanish. □ 
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Remark 4.27. The same techniques used in Section 4.2 apply in order to com- 
pletely determine the graded pieces of (ker AT- 7 ' / kcr N^ 1 ) / {xm N n ker N^) in- 
duced by the filtration of Rip A by T<kRipA. The only tricky part is seeing that 
we can also identify the fcth graded piece of imN with 

im(N : R k+1 tpA[-k - 1] -> R k tpA[-k}), 

but this can be proved in the same way as the corresponding statement about 
the kernels of N and N. We get a complete description of the graded pieces of 
(kerAP/kerA"'- 1 )/!™ N. 

Lemma 4.28. For 1 < j < 2n — 2, the filtration of Rip A by T<kRipA induces a 
filtration on (ker A"'/ker N^-^/imN. ForO<k<n-l - the (k + l)-st 
graded piece of this filtration is isomorphic to 

j 

0«H,-ii+ 3 -.»A(-(Hj - l))[-2fc- j + 1]. 
i=i 

Let 

Gr 9 Gr pj RVA = (ker N p n imA^)/(kcr A^ 1 n imN q ) + (ker N p n imN q+1 ). 
The monodromy filtration M r RipA has graded pieces Gr^ 1 RipA isomorphic to 
GrftfVA- Gr«Gr p i?VA, 

and if we understand the cohomology of Yf with coefficients in each Gr 9 Gr p .R^>A 
we can compute the cohomology of Yf with respect to Rip A. The next result 
tells us how to compute H m (Yf, Gr q Gr p RipA). 

Corollary 4.29. There is a spectral sequence 

£ 1 fc+1 - ro - fc - 1 = H m (Y f , a fe+i _ life+p+9 _«A(-(fe + p - l))[-2fc -p-q + 1}) 

i=l 

=4> ff m (lf, Gr«Gr p i?VA) 
compatible with the action ofGw- This can be rewritten as 

p+q 

E k+l,m-k-l = Q H m-2fc- P - g +l (y _(fc+i-l,fc+P+9-i) > A( _ (fc + p _ 
i=l 

=4> ff m (r f , Gr q Gr p RipA). 

Remark 4.30. The construction of the above spectral sequence is functorial 
with respect to etale morphisms which preserve the stratification by Ys,t with 
S, T C {1, . . . , n}. The reason for this is that etale morphisms preserve both the 
kernel and the image filtration of N as well as the canonical filtration T<kRipA. 
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5 The cohomology of closed strata 
5.1 Igusa varieties 

Let q — pI F:F pl. Fix < hi, hi < n — 1 and consider the stratum X^' h ^ f 
the Shimura variety Xu . Choose a compatible one-dimensional formal Of.pi = 
Ox-module Si, of height n — hi and also a compatible one-dimensional formal 
Of,p 2 — Ox-module £2 of height n — hi. Giving Si and £2 is equivalent to 
giving a triple (£, As, is) where: 

• £ is a Barsotti-Tate group over F. 

• As : £ — > £ v is a polarization. 

• iy, ■ Of — > End(E) ®z such that (E, is) is compatible. 

Note that (E[pf])° ~ E 4 for i = 1,2 while (E[p°°]) ot ~ {K/0 K ) n ^ hl ■ 

Assume that the level Uo corresponds to the vector (0, 0, 7713, . . . , m r ). Let 

m = ((to", mf )i=i,2, TO3, • • • , m r ). 

The Igusa variety Ig^p 1 ',^ over xjj 1 ^' 12 ' 1 Xf F is defined to be the moduli space 
of the set of the following isomorphisms of finite flat group schemes for i — 1,2: 

• a" : Ei[p™ ; ] ^> ^"[p™*], which extends etale locally to any (to")' > m° 
and 

In other words, if S/¥ is a scheme, then an 5*-point of the Igusa variety Ig^ 1 '^ 
corressponds to a tuple 

(A, A, i, rf, (a?)i=i,2, (af )i=i,2, (a t ) t > 3 ), 

where 

• A is an abelian scheme over S with Qas = ^[pf]; 

• A : A — >• A v is a prime-to-p polarization; 

• z : Of >• End(A) ®z Z( p ) such that (A, i) is compatible and A o i( f) = 
z(.D v oA,V/eO F ; 

• fj p : V ®q A°°' p — ► y p ^4 is a tti(S, s)-invariant £/ p -orbit of isomorphisms 
of F ®q A°°' p -modules, sending the standard pairing on V ®q A°°' p to an 
(A°°' p ) x -multiple of the A- Weil pairing; 

• a" : £°[p™ 4 ] -> ^A.ibr*] is an Ox-equivariant isomorphism of finite flat 
group schemes which extends to any higher level to' > to^, for i = 1,2; 
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• af : S *^™*] —> Ga,ApT z ] 1S an Oif-equivariant isomorphism of etale 
group schemes, for i = 1,2; 

• cti : S[p™ ; ] Ga^IpT*] i s an £V,p;-equivariant isomorphism of etale group 
schemes, for 3 < i < r. 

Two such tuples are considered equivalent if there exists a prime-to-p isogeny 
/ : A -»• A' taking (A, A, i, ff, a?, af , a,) to (A' , i', fj p ' , af , af' , a ■) for 

7GZ(Xp) ' 

The Igusa varieties Ig[f P 1 '^ 2 ' 1 form an inverse system which has an action of 
G(A°°'P) inherited from the action on X^ M) . Let 

r 

J {hlM) (Q P )=QZ xDl n _ hi xGL hl (K)xDl n _ h2 xGL h2 (K)xl[GL n (F Pi ), 

i=3 

which is the group of quasi-self-isogenies of (£, As, is) (to compute j( hl > h2 ) (Q p ) 
we use the duality induced from the polarization). The automorphisms of 
(£, As, is) have an action on the right on Ig^p 1 '^ 2 '- This can be extended to an 
action of a certain submonoid of j( hl ' h2 \<Q) p ) on the inverse system of Ig^p 1 '^ 2 
and furthermore to an action of the entire group j( hl ' h2 \<Q) p ) on the directed 
system H^Ig^'^, C(). For a definition of this action, see section 5 of [Shi] 
and section 4 of [Man]. 

We also define an Iwahori- Igusa variety of the first kind I^ 1,h2 ^ /Xu as the 
moduli space of chains of isogenies for i = 1, 2 

Gf = Gi,o -»■ Gi,i ->•••->• Gi M = Gf /Gf [Pi] 

of etale Barsotti-Tate O^-modules, each isogeny having degree #F and with 
composite equal to the natural map Gf 1 — > Gf" / Gf"[pi]- Then I^ 1,h2 ^ [ s finite 
etale over X^ 1 '^ and naturally inherits the action of G(A°°' P ). Moreover, for 
mi = m 2 = 1 we know that Ig^p'^ / ijj 1 '' 12 ^ x^F is finite etale and Galois with 
Galois group B hl (F) x x B h , (F) x 0£ K n _„ 2 . (Here (F) C GL h% (F) 

is the Borel subgroup.) 

Lemma 5.1. For S,T C {1, . . . ,n} wii/i #S* = n — hi, #T = ra — /i 2 t/iere exists 
a finite map of X^ 1 '^ -schemes 

,„.y0 T (hiM) 
which is bijective on the sets of geometric points. 

Proof The proof is a straightforward generalization of the proof of Lemma 4.1 
of [TY] . □ 
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Define 



u p 



H j (Y lw{m)iS , T ,£i) = UmH*(Y UtS ,T,Ce), 



u" 



H>M h ^>\Ct) = lim HiQ4;%\Ct) and 



?U p ,m 

U p ,m 



Iw(m) 

For m° = m° = 0, the Igusa variety Ig^^'j^ is defined over F. If in addition, 

mf = mf = 1 then Ig[^ 2) (over F) is a Galois cover of I^ xM) with Galois 
group B hl (W) x B h2 (W). 

Corollary 5.2. For every S,TC{l,...n-l} witft #S = n-h u #T = n-h 2 
and j e Z> we Ziawe i/ie following isomorphism 

Hi(Y^ s ,T x F F,£,) * ^(/^(ol.w) x.F,^^^). 

By taking a direct limit over t/ p and over m and considering the definitions 
of the Igusa varieties, we get an isomorphism 

If we let 

Hi(^M,Ct)= lim ^(Ig^x F F,^) 

U",m 

then the above isomorphism becomes 

F OTw,s,r> A) - ^(i g < fcl ' h -) ) £e)^ 1 ' axIWhl " lXlWfc - a - 

Proposition 5.3. TTie action of Frobf on H J c {Ig^ 1 ' h ' 2 \ C^) coincides with the 
action of (1, -1, 1, -1, 1, 1)) e G(A°°<p) x j( /ll ^ i2 )(Q p ). 

Proof. Let Fr : x H» x p be the absolute Frobenius on ¥ p and let / = [F : F p ]. 
To compute the action of the geometric Frobenius Frob^ on H J c {lg^ ll ' h ' 2 \ 
we notice that the absolute Frobenius acts on each H^lg^p'^ Xf F,£^) as 
(Fr*)* x (Frobjj) -1 . However, the absolute Frobenius acts trivially on etale 
cohomology, so the action of Frobf coincides with the action induced from 

[ Fl ) ■ l &Uf,m ^ ^U p ,m 

We claim that (Fr*)^ acts the same as the element (l,p-F :W p\-l, 1, -1, 1, 1) of 

r 

G(A°°<p) x Q p x /Z p x x Z x GL hl {K) x Z x GL ll2 {K) x JJ GL n (F Pt ), 
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where the two copies of Z are identified with n-h-l^'r> K _ h for i = 1, 2 via 
the valuation of the determinant. To verify this claim, we will use the explicit 
description of the action of a submonoid j( hl > h2 ) (Q p ) on the inverse system of 

Igusa varieties Igj^p'^ found in [Man] which generalizes that on page 122 of 
[HT]. First, it is easy to see that 

(Fr*/ : (A, A, i, ff, a?, a?, a,) -> {A™ , A<«> , *<*>, (»f)<«> , (a?)(»), (af ) ^ , aj 9) ) 

where i 7 ^ : A — > is the natural map and the structures of A^ are inherited 
from the structures of A via F-^ . 

On the other hand, the element j = (l,p _ [ F:Fp l, — 1, 1, — 1, 1, 1) acts via a 
quasi- isogeny of E. One can check that inverse of the quasi- isogeny defined by j 
is j -1 : £ — > Y<( q \ which is a genuine isogeny. If we were working with points of 
jgOi.M ( wn i cn are compatible systems of points of Ig[^ p 1 ^ 2 ' ) for all U' p and m) 
then j should act by precomposing all the isomorphism a®, af^ 1 for i = 1, 2 and 
a, for 3 < « < r. Since j| A j p00 jet = 1 for i = 1, 2 and j'U[p°°] = 1 for 3 < i < r 

the isomorphisms af* and a.i stay the same. However, a" o j is now only a 
quasi-isogeny of Barsotti-Tate O^-modules and we need to change the abelian 
variety A by an isogeny in order to get back the isomorphisms. Let ji = j\-£[p°°]° 
for i = 1,2. Then (ji) -1 : E[p°°]° — > £[p?°] is a genuine isogeny induced by the 
action of 7Tj e n _ h .. Let /Q C A[pf' Fp '] be the finite flat subgroup scheme 

o^kertfi)- 1 ). Let /C = /Ci 8 £ 2 C A[w[ F:F p]]. Let /C 1 - C A[(u c )[ F:F J] be the 
annihilator of /C under the A- Weil pairing. Let A = A/tC /C 1 - and / : A — V A 
be the natural projection map. Then 

/3, -/°a°°j 4 :(s[pn) ^^[pn° 

is an isomorphism. The quotient abelian variety A inherits the structures of A 
through the natural projection and it is easy to see that A = A^ q \ Thus, the 
action of j coincides with the action of (Fr*)f . This concludes the proof. □ 

Corollary 5.4. We have an isomorphism of admissible G(A°°' P ) x (Fto&f) 2 - 
modules 

H i( Y i w{m) ,s,T>^) - ^(/^•^),/ :? )^ 1 -x/ Whl , P1 x/ Wh2 , P2; 

where Frob v acts as (p~f, -1, 1, -1, 1, 1) G J^ hl ' h ^(Q p ). 

5.2 Counting points on Igusa varieties 

We wish to apply the trace formula in order to compute the cohomology of 
Igusa varieties. A key input of this is counting the F— points of Igusa varieties. 
Most of this is worked out in [Shi]. The only missing ingredient is supplied by 
the main lemma in this section, which is an analogue of Lemma V.4.1 in [HT] 
and of "the vanishing of the Kottwitz invariant". The F-points of Igusa varieties 
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are counted by counting p-adic types and other data (e.g polarizations and level 
structure). We can keep track of p-adic types via Honda- Tate theory; we need 
to check that these p-adic types actually correspond to a point on one of our 
Igusa varieties. 

A simple p-adic type over F is a triple (M, 77, k) where 

• M is a CM field, with *p being the set of places of M over p, 

• 77 = X^eqj T l xX * s an e l emen t °f QPP]j the Q-vector space with basis <p, 

• k : F — > M is a Q-algebra homomorphism 

such that i] x > for all x G ^3 and r\ + c*i] = X^eq? x (p) ' x m Q[^P]- Here c is 
the complex conjugation on M and 

: Qpp] -> Q[q3] 

is the Q-linear map satisfying x See page 24 of [Shi] for the general definition 
of a p-adic type. As in [Shi], we will drop k from the notation, since it is well 
understood as the F-algebra structure map of M. 

We can recover a simple p-adic type from the following data: 

• a CM field M/F; 

• places pi of M above pi such that [Mp. : F Pz ]n = [M : F](n — h { ) for 
i = 1,2 such that there is no intermediate field F C N C M with pi\^ 
both inert in M. 

Using this data, we can define a simple p-adic type (M, 77) , where the coefficients 
of 77 at places above u are non-zero only for pi and p2- The abelian variety A/¥ 
corresponding to (M, 77) will have an action of M via i : M ^ End (A). By 
Honda- Tate theory, the pair (A, i) will also satisfy 

• M is the center of End^A), 

• A[p°°}° = A[p°°] has dimension 1 and A[pf] e has height h t for i = 1,2, 

• and A[p°°] is ind-etale for i > 2. 

Lemma 5.5. Lei M/F be a CM field as above. Let A/F be the corresponding 
abelian variety equipped with i : M End (A). Then we can find 

• a polarization X : A — > A y for which the Rosati involution induces c on 
i(M), and 

• a finitely-generated M -module Wo together with a non-degenerate Hermi- 
tian pairing 

(;-) a :W xW ^Q 
such that the following are satisfied: 
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• there is an isomorphism of M <g> A°°' p -modules 

W ® A°°< p -4 F p A 

which takes (•, -) to an (A 00 ' p ) x -multiple of the X - Weil pairing on V P A, 
and 

• there is an isomorphism of F ®q R-modwZes 

W ®q -R 4 V ®q R 

which takes (•, -)o to an R x -multiple of our standard pairing (•, •) on U<8)q 
R. 

Proof. By Lemma 9.2 of [Kol] there is a polarization Ao : A — > A v such that 
the Ao-Rosati involution preserves M and acts on it as c. The next step is to 
show that, up to isogeny, we can lift (A, i, Ao) from F to Ok^. Using the results 
of [Tat] we can find some lift of A to an abelian scheme A/Ok" c in such a way 
that i lifts to an action i of M on A. As in the proof of Lemma V.4.1 of [HT] 
we find a polarization A of A which reduces to A. However, we want to be more 
specific about choosing our lift A. Indeed, for any lift, LieA K ac is an 
F ® K ac ~ (If oc ) Hom ( F '- K ' oc )-module, so we have a decomposition 

Liei ®o K „ K ac ~ (Liei) T . 

T£Hom(F,K« c ) 

Let Rom(F,K ac )+ be the the set of places r G Hom(F, if ac ) which induce the 
place u of £7. We want to make sure that the set of places r G Hom(F, K ac ) + 
for which (LieA) r is non-trivial has exactly two elements t[ and which differ 
by our distinguished element a G Gal(F/Q), i.e. 

t' 2 =t[o a. 

In order to ensure this, we need to go through Tate's original argument for 
constructing lifts A of A. 

First, let $ = J2f eHom(M K a ") ®? ' ^ w ^h the $f non-negative integers sat- 
isfying $f + $fc = n. For any such $, we can construct an abelian variety Aq, 
over O/fac such that 

Liei$ ® OKac K ac ~ (Liei$) T 

TeHom(F,K«) 

satisfies dim(Liej4$) T = $ r . This is done as in Lemma 4 of [Tat], which proves 
the case n = 1. We pick any £ Horr^F, if ac ) inducing the places pi of F for i = 
1, 2 such that T2 = r{ oer. We lift the t[ to elements fj G Hom(M, if ac ) inducing 
pj. We let $ fj = 1 and $ f = for any other f G Hom(M, if ac )+. For f £ 
Hom(M, if ac )+ we define $ f = n - $ f c This determines $ G Q[Hom(M, if ac )] 
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entirely. This <& is not quite a p-adic type for M, however it is easy to associate 
a p-adic type to it: we define rj = X^ x |p Vx ■ x hy 



_ e x/p .[M:F] 
Vx n-[M x :Q p ] ^* T ' 



where the sum is over embeddings f e Hom(M, K ac ) which induce the place 
x of M. By Honda- Tate theory, the reduction of the abelian scheme A^/Ok^ 
associated to <I> has p-adic type rj. Indeed, the height of the p-divisible group 
at x of the reduction of is " [m-f]^ ( see Proposition 8.4 of [Shi] together 
with an expression of dim A in terms of M). The dimension of the p-divisible 
group at x of the reduction is where we're summing over all embeddings 

f which induce x. 

Now we set A = A$. It remains to check that A/Ox aa has special fiber 
isogenous to A/F and this follows from the fact that the reduction of A and A 
are both associated to the same p-adic type 77. Indeed, it suffices to verify this 
for places x above u. We have 

dimA[x°°] 
Vx-0- e x / P ■ heightA[xM] 

for all places x ^ pi for i = 1, 2. When x = pi we have 

[M : F] _ 1 _ dimA[x°°] 

Vx ~ Ex/P ' [M x : F~] ■ n ■ [F Pt : Q p ] ~ 6x/p ' (n - h~) ■ [F Pi : Q p ] ~ Cx/p ' height A[x°°] 

Therefore, the p-adic type associated to A is also rj. 

There are exactly two distinct embeddings t[ , t' 2 S Hom(F, K ac ) + such that 
(Lie^4) T 7^ (0) only when r = r[ or t' 2 . Moreover, these embeddings are related 
by T 2 — T i u - Therefore, we can find an embedding n : K ac M> C such that 
k o t[ = n for i = 1,2. We set 

W = H X ({A x Spec QKao K Spec C)(C),Q). 
From here on, the proof proceeds as the proof of Lemma V.4.1 of [HT]. □ 



5.3 Vanishing of cohomology 

Let LT 1 be an automorphic representation of GLi(Ae) x GL n (Ap) and assume 
that LT 1 is cuspidal. Let w : A^/E* — > C be any Hecke character such that 
zu\ A x /qx is the composite of Art Q and the natural surjective character Wq -» 

Gal(S/Q) 4 {±1}. 

Also assume that LI 1 and F satisfy 

• n 1 ~ n 1 o 6. 

• n 1 ^ is generic and iE^-cohomological, for some irreducible algebraic repre- 
sentation S 1 of G„(C), which is the image of under the base change 
from Gc to G„,c. 
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• Ram F /Q U RaniQ(n7) U RamQ(II) C Splpy F2| Q. 

Let © = &fm U {00} be a finite set of places of F, which contains the places 
of F above ramified places of Q and the places where II is ramified. For I ^ p, 
let 1 : Qi -> C and let n p E Irr ; (G(Q p )) be such that BC{litt p ) ~ U p . If we 
write II 1 = ip ® 11° and ir p — tt p ,q (g> ir Pl ® 7r P2 ® (<8>[ = 37r Pi ) then i;7r p ^o — tyu an d 
t;7r Pi ~ lip. for all 1 < i < r. Under the identification F Pl ~ F f2 , assume that 
Ilj^ ~ Ilp 2 (this condition will be satisfied in all our applications, since we will 
choose II to be the base change of some cuspidal automorphic representation 
ILoiGL n {A FlE )). 

Define the following elements of Groth(G(A 00 > p ) x (Q p )) (the Grothendieck 

group of admissible representations): 

[HSg (hl ' h2 \C i )}=Y,(-^) hl+h2 ^H^S (hlM \^ 

i 

If R e Groth(G(A e ) x G'), we can write R = ^,6 8p n(7r 6 <g> p)[n 6 ][p], 
where ir 6 and p run over Irrj(G(A 6 )) and Irr/(G') respectively. We define 

R{ir 6 }:=^n(7r s ®p)[p], R[ir G ] := ^ n(7r e ® p) [tt 6 ] [p] . 
p p 

Also define _ _ 

where each sum runs over tt 6 G Irr} lr (G(A e )) such that BC(iitt 6 ) ~ II s . 

Let Red^ 1 '' 12 ^) be the morphism from Groth(G(Q p )) to Groth( J {hlM) (Q p )) 
defined by 

(-l) hl+h2 7r p ,o ® Red n - hlM (TT Pl ) ® Red n - h2M (TT P2 ) ® (® i>2 7r Pi ), 

where 

Red™-' 1 ' 71 : Gioth(GL n (K)) -> Groth(L>* _^ x GL h (K)) 

' 11 — h 

is obtained by composing the normalized Jacquet functor 

J : Groth(GL n (K)) -> Groth(Gi„_ /l ( J ft') x GL h (K)) 
with the Jacquet-Langlands map 

LJ : Groth(GL„_ /l ( J ft')) Groth(L>* 

n-h 

defined by Badulescu in [Bad]. Assume the following result, which will be proved 
in section 6: 
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Theorem 5.6. We have the following equality in Groth(G(A Sfin \{ p })x J^ hl ' h2 ^(Qp): 

BC 6/4B \ {p }(^c(/9 ( ' ll,ha) ,A){n 1>6 }) 

= e (-l)' ll+ ' l2 C G [ t r 1 n^ s?iUp} ][i?e ( ii' i -' i2 )( 7 r p )], 
where Cq is a positive integer and eo = ±1. 

Let S,T C {l,...,n- 1} with #5 = n -h u #T = n-h 2 . From Theorem 
5.6 and Corollary 5.4 and we obtain the equality 

= e C G [ t r 1 n 00 ' I '][Red(' ,1 '' la )(7r p ,o ® tt Pi ® tt P2 )] • dim[(^ =3 7r Pi )^ 1P2 ] 
in Groth(G(A°°<P) x (Frob F ) z ). The group morphism 

Red (hiM) . Groth(Q* x GL n (K) x GL n (K)) -> Groth(Frob^) 

is the composite of normalized Jacquet functors 

Jj : Groth(GL„(A)) -> Groth(GL n _ fcj (A - ) x GL hi (K)) 

for i = 1,2 with the map 

Groth(Q p x x GL n _ fcl (A) x GL hl (A) x GL„_ fe2 (A) x Gi h2 (A)) -> Groth(Frob^) 
which sends [a\ ® [3\ ® a 2 ® (i 2 ® l] to 

•(dim/3!) 1 ^!--! • (dim/3 2 ) Iw "i.^ • [rec^ 1 ^ 1 ! ^"(t 2 ' ° N^J" 1 )]. 
Lemma 5.7. We /iaue the following equality in Groth(G(A°°' p ) x (Fto&f) z ): 

BG^(^(F /w(m);SiT) £ € )[n 1 ' e ])= e oG G [n 1 ^^]dim[(®L3^) C/pPlP2 ]x 



n — #5 \ / n — #J 



— H- J "■—it 1 - / /, 

(_ 1 )2n-#S-#T-h 1 -h 2 / «-# 

. fc 1= /i 2 =0 



ft. 



2 



Proof. The proof is a straightforward generalization of the proof of Lemma 4.3 
of [TY] . □ 

Theorem 5.8. Assume that IT^ ~ Il2 has an Iwahori fixed vector. Then 
~ IIp 2 is tempered. 
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Proof. By Corollary VII. 2. 18 of [HT], i;7r Pi is tempered if and only if, for all 
o G Wk every eigenvalue a of £„ i ^(IIp.)((T) (where £„^(np\) is the image of 
lip. under the local Langlands correspondence, normalized as in [Sh3]) satisfies 

We shall first use a standard argument to show that we can always ensure that 

\bia\ 2 G 

and then we will use a classification of irreducible, generic, t-preunitary repre- 
sentations of GL n {K) together with the cohomology of Igusa varieties to show 
the full result. 

The space H k (X,C^) decomposes as a G(A°°)-module as 

where ir°° runs over Irri(G(A°°)) and R^ ^ir 00 ) is a finite-dimensional Gal(F/F)- 
representation. Define the Gal(F/F)-representation 

where the sum is over the ir°° G Irri(G(A°°)) which are cohomological, unram- 
ified outside Sfi n and such that BC{litt°°) — II 1 ' 00 . Also define the element 
^(n 1 ) G Groth(Gal(F/F)) by 

^(n 1 ) = ^(-i) fe ^f(n 1 ). 

k 

We claim that we have the following identity in Groth(Wx) : 
^(n 1 ) = e C G • [(7T P , o Art^ 1 )!^ ® l^CkAKi) ® ^CkA^)]- 

This can be deduced from results of Kottwitz [Ko2] or by combining Theorem 
5.6 with Mantovan's formula [Man]. 

From the above identity, using the fact that 119 ~ Ifi , we see that \n (a(3)\ 2 G 
q z for any eigenvalues a, (3 of any a G Wk, since i?;(n 1 ) is found in the coho- 
mology of some proper, smooth variety Xu over K. In particular, we know that 
\oia\ 2 G q2 Z . Moreover, if one eigenvalue a of a satisfies 2 G q z then all 
other eigenvalues of a would be forced to satisfy it as well. A result of Tadic 
([Tad], see also Lemma 1.3.8 of [HT]) says that if 7r Pi is a generic, tj-preunitary 
representation of GL n (K) with central character \tp Vp . | = 1 then 7r Pi is isomor- 
phic to 

n-Indpfj^* (tti x • • • x tt s x tt[ | det | Ql x tt[ | det |~ ai x • • • x ir' t | dct | a * x n' t | dct |~ at ). 
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The 7Ti , . . . , 7r s , tt[ , . . . Tr' t are square integrable representations of smaller linear 
groups with \ip 7Tj \ = |i/v, | = 1 for all Moreover, we must have < aj < 5 
for j = 1, . . . , t. If s ^ then for any a G Wk there is an eigenvalue a of 
C-K,n{^pi){^) with |i;a| 2 G q z , but then this must happen for all eigenvalues of 
£if,n(7*"p; Xc)- So then t = and 7r Pi is tempered. If s = then every eigenvalue 
a of a lift of Frobenius o G Wk must satisfy 

|i;a| 2 G <z z±2 ^ 

for some j G 1, . . . , t. Note that each j corresponds to at least one such eigen- 
value a, so we must have aj = \ for all j = 1, . . . , t. To summarize, 7r Pi is either 
tempered or it is of the form 

n-Indpf^^Tril det |* x tt^ | det |~* x ••• x tt^ | det | i x 7^|det|~*). 

We shall now focus on the second case, in order to get a contradiction. Since 
7r Pi has an Iwahori fixed vector, each ir'j must be equal to Sp Sj . (xj), where Xj is 

an unramified character of K x . We can compute Red (hl ' h2) (ir pfi O tt Pi ® tt P2 ) 
explicitly and compare it to the cohomology of a closed stratum Yj w s T via 
Lemma 5.7. 

We can compute KeS hl ' ,l2 \TT p ,o ® ^pi ® 7*> 2 ) using an analogue of Lemma 
1.3.9 of [HT], which follows as well from Lemma 2.12 of [BZ]. Indeed, 

Ji (n-Ind^; K) (Sp Sl (xi) • | det 1 3 x Sp ai ( X i) ■ | det \~i x • • • x Sp St ( X t) ■ | det 
is equal to 

^[n-Ind^ fc »((S P/l ( Xl ® Idetr-' 1 ^) x ■•• x S Pfct ( Xt ® | det | s *- fe ^))] 

Mnd?p ( % fc) ((S Psi _ ;i ( X i®|det|3) x • • • x Sp 5t _ fet ( X t ® | det pi))], 

where the sum is over all non- negative integers lj, kj < Sj with hi = J2i=i(h + 
k). 

' Let V£ ja = rec (xj'xj'l l 1 ""^^ ° N^J" 1 ), where 

r i if fc = i 

e fe = I if fe = 2 
( i if fc = 3 

After we apply the functor 

Groth(GL n _ h jK)xGL h jK)xGL n _ h2 (K)xGL h2 (K)xQZ) Groth(Frob^), 
we get 

Red^^)( 7 r Pi0 ® 7 r Pl ® 7 r P2 )= £ 7& 2 ' M ([^ 2 ] 6 2[^.J [^.J), 
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where 

2 



,/,,,/,,) 

=1 



7n J2 



ndim(n-Ind^ W (Sp s .. +/l ._ n (xj 4 1 1""^) ® Sp Sj ( Xji \ \^) 



Iw hj , Pj 



)(g)s Psj (x,i i 3 )®(g)s Ps3 (x,i n: 



and where the sum is over the ji, j'2 for which Sj i > n — hi for i = 1, 2. Here P f 
for i = 1,2 are parabolic subgroups of GL^iK). 

Let ^(n 1 ) = e C G [n 1 ' oo 'P]dim[((g)[ = 37rp i ) c/ p 1 ' J2 ]. Then 

B^( J ff(y Iw(m);ST ,£ ? )[n 1 ' e ]) = ^(n 1 )- 

/n-#Sn-#T 



^ ^ ^_ 1 )2n-#S-#T-/ ll -/ l2 
. fi 1= /i 2 =0 



n - #5 \ n - #T 
hi { h 2 



E ^ 2) ([^]e2[^ 2 ]©[^j) . 

jl,32,k J 

We can compute the coefficient of [V^J in BC p (H(Y Iw g T , £ 4 ))[n 1 ' e ] by sum- 
ming first over ji , j 2 and then over hi , h 2 going from n — Sj 17 n — Sj 2 to n — #5 
and n — #T respectively. Note that the coefficient of [V^-J is exactly twice that 
of [F/ U .J and of [V^J. The sum we get for [V^-J is 

D(n i } . (n-#S)!(n-#T)! 



n-#S n-#T 

C_ 1 - l 2n-#S-#T-fci-/i 2 ( 

hi + Sjj - n ) \ h 2 + Sj 2 - n 



(_ 1 )2» tt7 h,-i>2 ( s j,-#S s j2 -#T 



^hi=n—Sj 1 h2—n 

The sum in parentheses can be decomposed as 

E 

. hi— 71 — Sj 



/ n-#r , 

E (-D"- # — ( , 



'A - #r 

2 + Sj 2 - n 
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which is equal to unless both Sj 1 = #5' and Sj 2 = #T. So 

Sjl =#S,s j2 =#T ^ 3-> 

([^J + 2[^ i2 ] + [^ i2 ]). 

Since each Yj/.s.t is proper and smooth, H 3 (^j W ( m j ST ,^) is strictly pure of 
weight toj — 2i| + j. However, the [V^.J are strictly pure of weight — 2t^ + 
2n-2-e k - (#S - 1) - (#T - 1) = m £ - 2t e + 2n - #5 - #T - 2e fc . So 

B^(^(y Iw(ro)iS;T ,^)[n 1 ' s ]) = o 

unless j = 2n - #5 - #T ± 1 or j = 2n - #5 - #T. However, if the Igusa 
cohomology is non-zero for some j = 2n — #S — #T ± 1, then there exist ji,j2 
with Sj 1 = #S and Sj 2 = #T. Hence, the cohomology must also be non-zero 
for j = 2n — #S — #T. The coefficients of [V^ - J all have the same sign, so 
they are either strictly positive or strictly negative only depending on Z^n 1 ). 
However, BC P (H (^j W ( m ) s T , AOtn 1 ' 6 ] is an alternating sum, so the weight 
2n — #S* — jf-T ± 1 part of the cohomology should appear with a different sign 
from the weight 2n — #S — #T part. This is a contradiction, so it must be the 
case that 7r Pl ~ ir P2 is tempered. □ 

Corollary 5.9. Let n 6 Z>2 be an integer and L be any CM field. Let H be a 
cuspidal automorphic representation o/GL„(Al) satisfying 

• n v ~no C 

• Hoc is cohomological for some irreducible algebraic representation S. 
Then n is tempered at every finite place w of L. 

Proof. By Lemma f.4.3 of [TY], an irreducible smooth representation n of 
GL n (K) is tempered if and only if £i^„(n) is pure of some weight. By Lemma 
1.4.1 of [TY], purity is preserved under a restriction to the Weil-Deligne repre- 
sentation of Wk> for a finite extension K 1 /K of fields. 

Fix a place v of L above p where p ^ I. We will find a CM field F' such that 

• F' — EFi , where E is an imaginary quadratic field in which p splits and 

F 1 = (F') c=1 has [Fi : Q] > 2, 

• F' is soluble and Galois over L, 

• n'p, = BCfi/l(U) is a cuspidal automorphic representation of GL n (Ap>), 
and 

• there is a place p of F above v such that n'p, „ has an Iwahori fixed vector, 
and a CM field F which is a quadratic extension of F' such that 
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• p = pip 2 splits in F, 

• Hani// :: U RamQ(tn) U RamQ(II) C Splpy F / ; Q, and 

• II'p = BCp/F' (n^,) is a cuspidal automorphic representation of GL n (Ap). 

To find F' and F we proceed as follows, using the same argument as on the last 
page of [Sh3]. For a CM field F, we shall use the sets £(F) and F(F), which 
are defined in the proof of Theorem 7.5 of [Sh3]. 

First we find a CM field Fo which is soluble and Galois over L and a place 
po above v such that the last two conditions for F',p are satisfied for Fo,po 
instead. To see that the second to last condition for F' only eliminates finitely 
many choices for the CM field we can use the same argument as Clozel in 
Section f of [C12]. Indeed, if BC F i/ L (H) is not cuspidal, then we would have 
n<g>e ~ IT for e the Artin character of L associated to F'. But then the character 
e would occur in the semisimplification of J?/ ® i?; (S>a; n_1 , where Ri is the Galois 
representation associated to II by Chenevier and Harris in [CH] and uj is the 
cyclotomic character. Thus, there are only finitely choices for e and so for F'/L 
which are excluded. 

Next, we choose E <G £{F Q ) such that p splits in E. We take F' = EF Q and 
p any place of F 1 above po- Let Fi be the maximal totally real subfield of F' 
and let w be the place of F\ below p. Next, we pick F" G T{F") different from 
F' and such that w splits in F". Take F = F" F 1 . 

We can find a character tp of A^/E* such that II 1 = ip <g> U° F together with 
F satisfy the assumptions in the beginning of the section. (For the specific 
conditions that ip must satsify, see Lemma 7.1.) We also know that LI^ pi ~ 
lip „ has an Iwahori fixed vector, thus we are in the situation of Theorem 
5.8. □ 

Proposition 5.10. Assume again that the conditions in the beginning of this 
section are satisfied and that 11^ ~ 11^ has a nonzero Iwahori fixed vector. 
Then 

BCr{H\Y Iw(m)ST ,C{)[rf> 6 ]) = Q 
unless j = 2n - #5 - #T. 

Proof. We will go through the same computation as in the proof of Theorem 
5.8 except we will use the fact that 7r Pl ~ n P2 is tempered, so it is of the form 

n-Ind^» ) w (Sp ai (xi)x...xSp at ( Xt )) ) 

where the \j are unramified characters of K x . 

We can compute o <E> 7r Pl ® 7r P2 ) as in the proof of Theorem 5.8. 

Ji (n-Ind^^Sp^xi) ■ |det|i x Sp Sl ( X i) • | det |"J x • • • x Sp S( ( X t) ■ | det |" 
is equal to 

^[n-Ind^; fe) (Sp fel ( X i® |detr- fc x •■• x Sp fe( ( Xt <g> | det 
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[n-Indp^ (Sp Sl _ kl ( X i) x ••• x S Pst _ kt ( X t ® | det 

where the sum is over all non-negative integers kj < Sj with hi — Y?j=i 

Let v hh = rec (xj^Xj^l | 1_n (^« ° Nx/eJ -1 ). After we apply the functor 

Gioth(GL n - hl (K)xGL hl (K)xGL n - h2 (K)xGL h2 (K)xQ") Groth(Frob^), 

we get 

jl,32,k 

where 

Iw h . 



n 




and where the sum is over the ji, j 2 for which Sj 4 > n — hi for i = 1, 2. Here P f 
for i = 1,2 are parabolic subgroups of GLh^K). 

Let L^IT 1 ) = eoC G [^ 1 ' 00 •P]dim[((g)[ = 37rp ^ ) c/ p 1 ' ,2 ]. The same computation as 
in the proof of Theorem 5.8 gives us 

^(^Mm^T'AMn 1 ' 6 ]) 

_ nm n V (n-#S)!(n-#T)! 3jl ! 8j - 2 ! 

ajl=#s ,a ja =#T W>-> 

Since 7r Pl ~ 7r P2 is tempered, we know that \Vj 1 j 2 ] is strictly pure of weight 2n — 
#5-#T. The Weil conjectures tell us then that BC p (H j (T Iw(m) s T , C^U 1 ' 6 ]) = 
unless j = 2n - #5 - #T. ' □ 



6 The cohomology of Igusa varieties 

The goal of this section is to explain how to prove Theorem 5.6. The proof will 
be a straightforward generalization of the proof of Theorem 6.1 of [Sh3] and so 
we will follow closely the argument and the notation of that paper. 

We will summarize without proof the results in [Sh3] on transfer and on the 
twisted trace formula. We will emphasize the place oo, since that is the only 
place of Q where our group G differs from the group G considered in [Sh3]. 

We start by defining the notation we will be using throughout this section, 
which is consistent with the notation of [Sh3]. If n = {rii) r i=1 with m,r e Z>o 
define 

r 

GLfi := J^J GL ni . 
»=i 
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Let in : GL,t ^ GLn (N = J2i n i) the natural map. Let 

$n = ifj($ ni ,...,, 

where $„ is the matrix in GL n with entries (& n )ij = (— l) 4+1 <5i, n +i-j ■■ 

Let K be some local non-archimedean local field and G a connected reductive 
group over K. We will denote by lrr(G(K)) (resp. Irr/ (G(-fQ)) the set of 
isomorphism classes of irreducible admissible representations of G(K) over C 
(resp. over Qj). Let C%°(G(K)) be the space of smooth compactly supported 
C- valued functions on G(K). Let P be a i-T-rational parabolic subgroup of G 
with a Levi subgroup M. For ttm £ Irr(M(X )) and 7r G Irr(G(i ; C)) we can define 
the normalized Jacquet module Jp(ir) and the normalized parabolic induction 
n-Indp7TM- We can define a character dp : M(K) —> R x by 

5p(m) = |det(ad(m))| Lie(p)/Lie(M) |K. 

We can view Sp as a character valued in Q x via iT" 1 . If 

jW(Q p )~D$ , xGL A (^), 

^' ra-fi 

where K/Q p is finite, then we define S p ^ J(h) ^(g) := &p n _ h h (,g*),where g* e 
GL n _h{K) x GL h {K) is any element whose conjugacy class matches that of g. 
If 

2 

j(>h,M „ Gil x Y[(D* pit _+_ x GL hi ) xY[R FpJQp GL n , 

i=l ' ™ 1 i>2 

we define <Sp (J(hl , h2) : J (/ll ' h2) (Q p ) -> Q x to be the product of the characters 

*p(j("i)) for « = 1,2. 

Let n = {ni) r i=1 for some 6 Z>i. Let G r -j be the Q-group defined by 

G s (i?) = {(A, 9i ) e GLi(ii) x GL n (F ® Q i2) | flj • $ s .* ffi c = A$ s } 

for any Q-algebra i?. The group Gn is quasi-split over Q, so the group G is an 
inner form of Gn- Also define 

G„ = Re/q(Gh xqE). 

Let denote the action on induced by (id, c) on Gn XqE. Let e : Z — > {0, 1} 
be the unique map such that e(n) = n (mod 2). 

Let w : Ag/E x — > C x be any Hecke character such that n7| A x/Qx is the 
composite of ArtQ and the natural surjective character Wq -» Gal(_E/Q) 
{±1}. Using the Artin map Arts, we view roasa character We — > C x as well. 

Assume that Ram F /Q U RamQ(n7) C Spl F / F2 Q. 

Let £ cll (G„) be a set of representatives of isomorphism classes of endoscopic 
triples for G n over Q. Then £ ell (G n ) can be identified with the set of triples 

{ (G n , S n , ?7n} U {G ni ,n 2 , ,n 2 i jym,n 2 I "1 + n 2 = 0, Ul > n 2 > 0}, 
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where (711,712) may be excluded in some cases. As we are only interested in 
the stable part of the cohomology of Igusa varieties, we will not be concerned 
with these exclusions. Here s„ = 1 6 G n ,s„ un2 = (1, (7 m , -7„ 2 )) G G nu n 2 , 
r) n : G n — > G n is the identity map whereas 

»?ni,n 2 : ( A , (91,92)) >->■ ^A, ^ ^ ^ 

We can extend Tj nin2 to a morphism of 7-groups, which sends z G We to 

\ ( ' ' >v w{z)< n ~^ ■ 7„ 2 J J 

We have the following commutative diagram of L-morphisms. 



x z. 



L ;^,u 2 T 

u ni,n2 



BC, 

L 



BC n 



We will proceed to define local transfers for each of the arrows in the above 
commutative diagram so that these transfers are compatible. 

Choose the normalization of the local transfer factor A„( , )q" defined in 

Section 3.4 of [Sh3]. It is possible to give a concrete description of the A„( , )%Z- 
transfer at finite places v of Q between functions in C£° (G n (Q v )) and functions 
in C£°(G ni)n2 (Q„)) as long as v satisfies at least one of the conditions: 

• v G Um>/Q and v £ RamQ(zu), 

• v G Spl B/Q , 

• v G Spl F/F2i Q and u £ Spl F/Q . 

The transfer of #J G C~(G n (Q„)) and #J will satisfy an identity involv- 

ing orbital integrals. Since we are assuming that Ram F /Q C Spl F / F2; Q, we can 
define the transfer at all places v of Q. 

It is also possible to define a transfer of pseudo-coefficients at infinity. Con- 
sider (Gn, s,t 7 r] ft) G £ cU (G n ), which is also an endoscopic triple for G. Fix real 
elliptic maximal tori T C G and Tq h C Gft together with an R-isomorphism 
j : Tq h — > T. Also fix a Borel subgroup B of G over C containing Tc- Shelstad 
defined the transfer factor Aj^b, see [She]. 

Let £ be an irreducible algebraic representation of Gc- Define Xf '■ ^G,oc — > C 
to be the restriction of £ to Ag^ (the connected component of the identity in 
the maximal Q-split torus in the center of G). Choose C G(R) to be a 
maximal compact subgroup (admissible in the sense of [Art]) and define 

q(G) = X - dim(G(R)/K 00 A G ^ 00 ) = 2n - 2. 
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For each n £ LI disc (G(R), £ v ) there exists fa £ C™(G(M.),xt) a pseudo- 
coefficient for 7r. Any discrete L-parameter ipQ a such that ffn^PGa ~ corre- 
sponds to an L-packet of the form ILji S c(Gjj(R), £(<Pg h ) v )- Define 

0G, := ( _ 1)9 (G) £ (a w , (vGfl{) ^,s)det(^( VGfi;? ))^ GfI;?(¥ , Gfi) . 

Then 0^™ is a Aj.s-transfer of fa. 

We will now review the base change for the groups Gg and Gn- Define the 
group 

G n ■= {Re/qGLx x Rp/qGLft) x {1,0}, 

where 9(X, g)0~ 1 = (X c ,X c g*) and g* = ^g^Z 1 • If we denote by G" H and 
G%0 the cosets of {1} and \9} in G± then G± = G£TTG£0. There is a natural 
Q-isomorphism Gg ^> G^ which extends to 

G a x Gal(-E/Q) -4 G+ 

so that c £ Gal(.E/Q) maps to 0. 

Let v be a place of Q. A representation U v £ Irr(Gjj(Q„)) is called 0-stable if 
IT, ~ LT„ o0 as representations of Gft(Q v ). If that is the case, then we can choose 
an operator Au v on the representation space of lit, which induces U v — > H v o 9 
and which satisfies = id. Such an operator is called normalized and it is 
pinned down up to sign. We can similarly define the notion of ^-stable for 
LI® £ Irr(G(A 6 )) and a corresponding intertwining operator Ajje for any finite 
set & of places of Q. There is a correspondence between 0-stable representations 
of G r ~i(Q v ) together with a normalized intertwining operator and representations 
of Gi(Q v ). We also mention that in order for a representation LI £ Irr(G^(A)) 
to be ^-stable it is necessary and sufficient that LI = tp ® LI 1 satisfy 

• (tf^-tfoc, and 

• V'i = ip c /ip where V'n 1 = ipi ® ' ' • ® Vv is the central character of LT 1 . 

Now we shall discuss BC-matching functions. It is possible to construct for each 
finite place v of Q and /„ £ G£°(G S (Q„)) a function fa £ C~(G S (Q„)), which 
is the BC-transfer of f v . The transfer can be given a concrete description in 
the cases v £ Unr^/Q and v £ Spl F / Fs , q, except that in the case v £ Um>/Q 
we have the condition that /„ must be unramified. Moreover, we also have an 
explicit map 

BC n : Irr( ur >(G s (Q,)) -> Irr( ur ) e - st (G s (Q„)) 

where the representations must be unramified in the case v £ Vnip/q and where 
there is no restriction in the case v £ Splpy F2 Q. There are normalized operators 
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A^ : U v II„ o such that if U v — BCft(ir v ) and <f> v and /„ are BC-matching 
functions then 

ti(IL v (f v )A° lv )=tiir v (<}> v ). 

Note that left side of the above equality computes the trace of f v 0, the function 
on GhO obtained from /„ via translation by 8. 

The next step is to consider the base change at oo. Let £s be an irreducible 
algebraic representation of Gn,c ■ Consider the natural isomorphism 

Gft(C) ~ Gfl(C) x G n (C). 

We can define a representation of G^ by := £s<S>£fj. It is possible to find an 
irreducible, ^-stable, generic unitary representation ITh s G Irr(Gg(R), x^ 1 ) to- 
gether with a normalized operator and a function /g h ,e s G G£°(G(M), X£ H ) 
such that 

• ITh^ is the base change of the L-packet ILjj sc (Gs(R), £ v ), 

• tv(U EH (f GH ^ H ) oA° n ^ ) = 2 and 

• /g s ,b h and 4>g r ,z h are BC-matching functions (where (j>G H ,£ a is defined as 
a pseudocoefficient for the L-packet ILjj sc (Gfj(lR), £ v ). 

The transfer for ( ni ,n 2 can be defined explicitly since the groups G^ are essen- 
tially products of general linear groups. It can be checked that for all finite 
places v of Q the transfers are compatible. For v — oo we have a compatibility 
relation on the representation-theoretic side only. 

Now we shall describe the transfer factors A„( , )q. At v ^ oo we can 
choose 

A„(, )g a =A2(, )g», 

via the fixed isomorphism G Xq A°° ~ G n Xq A°°. We choose the unique 
Aoo( , )q such that the product formula 

1^(7^,7)^=1 

V 

holds for any 7 G G(Q) semisimple and •jq^ G G^(A) a (G, Gfj)-regular semisim- 
ple element such that 7 and -fa H have matching stable conjugacy classes. Let 
e^Aoo) G C x denote the constant for which 

Aoo(7g s ,7)g s = es(Aoo)A iiB (7 Gfi ,7) 

holds. Note that for n = (n), e^Aoo) = 1. 

Let </>°°< p G G C 00 (G(A 00 'P) x J (/ll ' h2) (Q P )) be a complex-valued acceptable 
function. (For a definition of the notion of acceptable function, see Definition 6.2 
of [Shi]). For each G n G £ ell (G) we define the function <j>" on G^ (A) (assuming 
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that c/>°°' p = Il^p,oo M- For v + P> °°. we take #g,« e Cc°°(Gfj(Q«)) to be the 
A„( , -transfer of We take 



b% tOQ := eniAcv) ■ (-l^^s^^detK^)) • <f> Gttt t {v , 



where ip 7 -% runs over L-parameters such that r\n^>n ~ and £(</?s) is the 
algebraic representation of Gn c such that the L-packet associated to <pa is 

n disc (G s (MU(^) v ). 

We also take 

e G C °°(^(Q P )) 

to be the function constructed from (f>' p in section 6.3 of [Sh2]. We shall summa- 
rize the construction of </>f g p in the case n — (n). By definition (see the formula 
above Lemma 6.5 of [Sh2]) 

(M Gn ,SG n ,r)G n ) 

where the sum is taken over G-endoscopic triples for j( hl ' h2 \ The set X(Mg„ , G n ) 
(which can be identified with a set of cosets of Out(Mc n , sc n , VG n )) consists of 
only one element in our case, so we suppress the index i 6 Z(M<3 n ,G„) in 
^ G "' ! . Each (j)^ Gn e G£°(G„(Q P )) is constructed from a function 4>p lGn £ 
C%° (Mc n (Q p ) which is a A p ( , )mJ 2> -transfer of a normalized </>' . 
The following proposition is Theorem 7.2 of [Sh2]. 

Proposition 6.1. If ^ ■ <j)' p £ G£°(G(A 00 ' P ) x J {hlM) (Q p )) is acceptable, 
then 

trit 00 * ■ ^pWH c (Ig {hl ' h2 \C^) = (-l) h *+ h >\ ker^Q, G)\ £ i(G, GJST?*^) 

where the sum runs over the set £ ell (G) of elliptic endoscopic triples (Gft, Sfj, 77,-5). 

Remark 6.2. Theorem 7.2 of [Sh2] is proved under the "unramified hypothesis", 
however, the only place where this hypothesis is needed is in the proof of Lemma 
11.1 of [Shi]. Lemma 5.5 provides an alternative to the proof of Lemma 11.1 of 
[Shi] in our situation, so the results of [Shi] and [Sh2] carry over. For details, 
see the discussion in the beginning of Section 5.2 of [Sh3]. The sign (— 
does not show up in the statement of the theorem in [Sh2], but we need to 
include it because our convention for the alternating sum of the cohomology 
differs from the usual one by (—l) hl+h2 . 

The constants t(G, Gft) = r(G)r(Gs) _1 |Out(G^, s^, can be com- 

puted explicitly. We mention that 



|Out(G s ,s s ,r; s ) 



ifn = (f,f) 
otherwise. 
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We also have by Corollary 4.7 of [Sh3] the relation 

I^ l(f6) = T(G ft )-'.ST?*(4>), 
where <p an d n are BC-matching functions, i.e. 

<j) = (f ■ Stin • 4> Gn ,i and f = f 6 ■ fe {l J Git ~.- 
Thus, we can write 

tr(<j>°°*.<j>' p \nH c (lg^> h >\£s)) = | ker^Q.G)! • t(G) ]T e S / g G c f m (/^), 

where /" is a BC-matching function for cj)f g and = | if n = (§,§) or 1 
otherwise. 

Furthermore, the twisted trace formula by Arthur, is an equality between 

/ spoc(./' 6 ') = ^geom(/#)- 

By combining Proposition 4.8 and Corollary 4.14 of [Sh3] we can compute 
&0) as 



£ iS' dCt($ ^ - ^S?' 1 " 1 S ^(n-Ind^(n M ),(/) o A^ (Um) , 



where M runs over Q-Levi subgroups of containing a fixed minimal Levi and 
Q is a parabolic containing M as a Levi. The rest of the notation is defined on 
pages 31 and 32 of [Sh3]. Note that A'^ j nc p-^ n ^ 1S a normalized intertwining 

operator for n-Indg" (IIm)j • 

We will be particularly interested in making the above formula explicit when 
n = (n). In that case, l2? C c(f@) i s a sum °f 



i^tr^C/M' ), 



2 n 



where LI' runs over 0-stable subrepresentations of R G ^ sc , and 

mcg„ 1 G " n' M Q M 

where runs over <&~ ^-stable subrepresentations of Rmaisc- 

Consider the finite set £p S ( jC 11 *' 12 ), G, Gs) consisting of isomorphism classes 
of G-endoscopic triples (M Gh , Sft, rjfi) for defined in section 6.2 of [Sh2]. 

Let cm g ^ £ {il} be the constant assigned to each triple in [Sh2]. If b is the 
isocrystal corresponding to (hi, h%), let M^ hl ' h2 \Q p ) be the centralizer of vc(b). 
The isocrystal b can be described as (b p fi,b Vl , . . . ,b Pr ) where b Pi has slopes 
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and for z = l,2 and slope for i > 2. Then M^ 1 ^ is a Q p -rational Levi 
subgroup of G. We will define a group morphism 

n-Redf uh2) : Groth(G„(Q p ) -»• Groth( (Q p )) 
as the composition of the following maps 

Groth(G s (Q p )) -> Groth(Af Gs (Q p )) Groth(M^ 1 ' /l2 )(Q p )) 

' J ^> h2) Groth^-^Qp)). 

The sum runs over {M GH ,s R ,r ln ) e £f(J ( - hl ' h2 \ G, G n ). The hrst map is the 
direct sum of maps Groth(Gs(Q P )) — > Groth(Mc- (Q p )) which are given by 
®iCm Gh ■ J p( lMo )Op> where i G l(M Gf ,,Gn) is a Q p -embedding Mg. c — > Gn 

and P{iM G .) is a parabolic subgroup of Gb which contains i(M Gfi ) as a Levi 
subgroup. The map t)g r ,* is functorial transfer with respect to the L-morphism 
t) Gh . The third map, LJ^* 1 ^ is the Jacquet-Langlands map on Grothendieck 
groups. We also define 

ReS n h ^\n GH , p ) := n-Bed%» h '\n Glt , p ) ® 4 (J (M.* a )) 

We can describe all the groups and maps above very explicitly in the case n = 
(n). Indeed, £^ S (J^ h '\ G, G„) has a unique isomorphism class represented 

by 

(M Gn , 8Gn ,VG n ) = (M< hl ' ha >,l,id). 

The set X(M Gn , G„) is also a singleton in this case, so we suppress z everywhere. 
This means that we can also take f\ Gn = id and fj Gn ^ = id and by Remark 6.4 
of [Sh2], we may also take cm g „ = e P (J^ hl ' h2 ^), which is the Kottwitz of the 
Qp-group jC^-M. There are isomorphisms 

G(Q P ) ~ Q p x x GL„(F Pl ) x GL„(F„ 2 ) x ]]_GL n (F Pi ), 

i>2 

M (fci ,M (Qp ) ~ qx x ( G L n _ hl (F Pl ) x GL fcl (F Pl )) x (GL n _ fca (^ P2 ) x GL h2 (F„ 2 )) 

x JjGL n (F Pl ), 

J(^.M (Q )~qx x(jD x i xGL (j? ) )x(I) x i x GL h2 (F V2 ))xT[GL n 

i>2 

Thus, e p (j(' 11 ^ 12 )) = (_i)2n-2-h 1 -/ l2 _ jf we write ^ = ^ ( ( g, i7rp .) ) then we 
have 

Red^ 1 '" 2 ^) = (-l)' ll+ ' l2 ^,o®Red"-' ll ^ ll (^ 1 )«'Red"-' l ^' l2 (^ 2 )®(«. l>2 ^ i ). 
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Lemma 6.3. For any n p e Groth(G n (Q p )) 

Proof. Set M = M Gn . We know that 0™ p = e p (j( hl ' h ^) ■ (j>™ . By Lemma 3.9 
of[Sh2], 

t™ p (^)=tr(J^(7r p ))(<). 

Here ^ is a A p ( , )£ hl, " 2) = e p ( J^.^J-transfer of $ = ■ 4 ( jCM.* 2 )) ( b y 
remark 6.4 of [Sh2], we have an explicit description of the transfer factor). Let 

TTM.p = Jpo™p(7T„). 

M 

Note that M is a product of general linear groups and j( hl ' h2 ) is an inner 
form of M. Lemma 2.18 and Remark 2.19 of [Sh2] ensure that 

tm M , p (<f>?) -tr(ij/; hlA2, (7r M , p )(^)) =tr(LJ^ 1,h2) (7r MiP )®4 (j(hliha)) )(0;). 
This concludes the proof. □ 
Lemma 6.4. Letn= (ni,n 2 ) withni > n 2 > 0. For any n p € Groth(G ni ^ n2 (Q p j), 

trn p {<t ) %J = tr(Red^ M \n p )){<t>' p ). 

Proof. The proof is based on making explicit the construction of from 

section 6 of [Sh2] together with the definition of the functor n-Red^' 11 '' 12 '', which 
is a composition of the following maps: 

Groth(G s (Q p )) -> Groth(M Gs (Q p )) Groth(M^ 1 ' /l2 )(Q p )) 

' J ^ h2) Groth(j(' l -' l2 )(Q p )). 

Recall that 

as functions on G^(Q P ), where the first sum is taken over £ eS (j( hl ' h2 \G,Ga) 
and the second sum is taken over I{Ma H ,Gfi). By Lemma 3.9 of [Sh2], 

tr7T p (>f G "'') = tr(Jp^ MG ^ op (T: p )((t) p Gfi ), (3) 

where <$ G * G C c °°(M G ,(Q p )) is a A p ( , ) ^ 2) -transfer of 0° = ^•^ (j( , 1 ,, 2)) . 
Equation 3 tells us that 

tnr p « p )= Yl Hf MGii (n p ))(4 lG -), (4) 

(M G -,,SG B ,»iG B ) 
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where fM GR (ftp) — ®iCM G ^ Jp(iM G )( 7F p)- ^he first map in the definition of 

Red^ 1 '' 12 ^ is the direct sum of /m g , over all (Mq h , Sfj,?7fj). 

The function 4^ Gh is a A p ( , )m g 2> -transfer of the function </>* e 

C^°(M^- h ^{Q p )) which is itself a transfer of 0° via A p ( , )^^, = e p ( j( h ^M). 
(All transfer factors are normalized as in [Sh2].) We will focus on making the 
A p ( , )^ 1 ''" 2) -transfer explicit first, for which we need to have a complete 

description of all endoscopic triples (Mc a , sg h ,t1g h )- 
We have the following isomorphisms over Q p . 



G ~ GLi x Y[ RF Pi /Q p GL n 
i>i 

G ni ,n 2 — GL\ x J^J R Ffi /Q p GL nitT , 



i>i 



M ( hl M) „ GLi x Y[R FpJQp GL n ^ M x \\R FvJQp GL n 

i=l i>2 



2 



j(fci,fc 2 ) „ Gil x x GL hi ) xY[R Fpz/Qp GL n . 



i>2 



Consider also the following four groups over Q p , which can be thought of as 
Levi subgroups of G ni ,n 2 via the block diagonal embeddings. 



Mg h ,1 '■= GLi X Y\_RF p ./q p GL n -hi,hi-n2,n2 x JJ-^F^j/QpGLm 

i=l i>2 

2 

Mg h ,2 ■= GLi X Yl.R'Fu/QpGLn-hi.hi-m.m x JJ ^-F p JQ p GL ni 



"2 



"2 



i=l i>2 
2 



^g h ,3 -=GLi x JJ-RF„ i /QpG ! .L n _/ l4i / li _ n4inj x ]^[ R Fp jQ p GL nit 

i=l i>2 



2 



-^G H ,4 := GLi x R F9 jQ p GL n _h it h i - n3 _ it n 3 _ i x R Fp jq p GL r , 



->ni ,n 2 

i=l i>2 



Note that we only define Mg h j when it makes sense, for example Mg h ,i is 

defined only when ^ > n 2 for i = 1,2. We define r/Gsj : M GaJ -> M( hl ' h2 *> to 
be the obvious block diagonal embedding. We also let 

SMGr! , 3 = (1, (±1, ±1, ±l)i=l,2, (1, l)i>2), 

where the signs on the F Pi -component are chosen such that sm g - j i s positive 
on the GL ni -block of the F Pi -component and negative on the GL„ 2 -block of the 
F Pi -component. 
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It is easy to check, as on page 42 of [Sh3], that £ eS (j( hl ' h2 \G, G,i) consists 
of those triples {Mc a j, s G a ,jif)G i i,j) which make sense. For example, if hi < n-i 
for i = 1,2 then £ eS (j( hl ' h ' 2 \G,G n ) is empty, but if hi > m for i = 1,2 then 
£ eS (j( hl ' h2 ' ,G,Gft) consists of four elements. The key point is to notice that 
for a triple {Mq r , sg s , f?G s ) to lie in £ eS (jihiM) ^ qs^ ft j s necessary for sg s 

to transfer to an element of the dual group M^ hl,h2 ) = J( h ^M which is either 
+ 1 or —1 in the GL n ^hi(C) block of the F Vi -component. 

We can extend r)G H ,j to an X-morphism f]G H ,j '■ L Mc ni j — > L M^ hl - h2 ^ which is 

compatible with the L-morphism 77^ : L Ga G, when we map L MG n .j -4- L Gs 

and i M( /l1 '' 12 ) -4 L G via (a conjugate of) the obvious block diagonal embedding 
(where we always send the GL ni -block to the top left corner and the GL n2 -block 
to the bottom right corner). The morphism fjoaj is defined as on page 42 of 
[Sh3], by sending z <G Wq p to one of the matrices 

w ( z y(n- ni ) Ini o \ / w ( z y(n-n 2 )j n2 g 

w{z)< n - n2 h n2 ) m \ w{z)< n ~ n ^I ni 

on the F Pi -component of M( hl < h2 > . (For i = 1,2, we send z to the first matrix 
on the F Vi -component if the endoscopic group Mg^j at pi is GL n -f li ,hi-n2,n 2 
and to the second matrix if the component of Mc H ,j at pj is G£ n -/n,/i(-in,nr 
For i > 2, we send z to the first matrix on the i^-component.) This map fjG a ,j 
is the unique L-morphism which makes the diagram 

L]^{hiM) — 1 —>- Lq 



■no* 



commutative. Thus, the function </>^ G " J is a transfer of </>* with respect to the L- 

morphism t)g h j , so we can define explicitly both 4>^° H ' J and the representation- 
theoretic map J7M G ., 3 * : Groth(M GfliJ -(Q p )) -> Groth(M( /ll '' l2 )(Qp)). There 
exists a unitary character Xu j '■ ^G H .j(Q P ) C x (defined similarly to the 
character on page 43 of [Sh3]) such that the Langlands-Shelstad transfer factor 
with respect to t)g h j differs from the transfer factor associated to the canonical 
L-morphism by the cocycle associated to Xu j- (^ ee section 9 of [Bor] for an 

explanation of the correspondence between cocycles in H 1 (Wq p , Z(MG H ,j)) and 
characters M GrJ (Q p ) -> C x .) 

We can in fact compute Xu,j 011 the different components of M GfJi j(Q p ), by 
keeping in mind that it is the character Mc H j(Q P ) — >• C x associated to the 
cocycle in H 1 (Wq p , Z(Mc H ,j)) which takes the conjugacy class of the standard 
Levi embedding Mg h j — > M( hl ' h2 *) to that of r)G a ,j- Thus, we have 



-Af(ni ,n 2 ). 
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, (N Fpi/Eu (det((g Pitl g Pi ^-^g;%- n2) ) 

when « = 1,2 and depending on whether Mq h j has the group GL n -hi,hi-n2,n 2 
or the group GL n -hi,hi-ni,m as its F Pi -component; and 

X+,(.9 Pl ,i,3 Pl , 2 ) - ^ u (AT pi/Bi< (det^jT" ^"" ))) when * > 2 

where (A, (g Pi ,i, g Pi ,2, g Pi ,3)i=i,2, (fl , p i ,i,fl , p i ,2)i>2) denotes an element of M GjJ ,j(Q p ). 
(The value of \t,,j IS m f ac t the product of the three types of factors above.) 

We let Qj be a parabolic subrgroup of M^ 1 ^ containing Mq h j as a Levi 
and if we let ((f>p)® j be the constant term of <fr* along Qj then we have 



■■= {4>* P ) Qi ■ X+, and 



, M (hl ,h2 ' . 



VG H ,j*(^M Gf .,j) :=n-Ind Q . ' (n MGf ., J ® xtj) 
for any 7t Mg?IiJ £ Irr;(M GfI ,j(Q p )). By Lemma 3.3 of [Sh3] 

^{jM GH A^p)){4>f GH ' 3 ) =^(VG n ,j*(fM Gfl , j M))(4>p)- (5) 

The group is an inner form of M^ hl,fl2 \ which is a product of general 

linear groups. By Lemma 2.18 and Remark 2.19 of [Sh2], 

tv(vG a AfM j M)W P ) = tv{Lj{f, GH MMM P )))M) 

= tv(^LJ(fiG R AfM j ^p))^^ p{J(hlM) ) (<^), (6) 

where we've abbreviated Mg h j by Mj. Putting together (4), (5) and (6), we get 
the desired result. □ 

Let S 1 be the algebraic representation of (G n )e obtained by base change 
from Let II 1 ~ ip ® II be an automorphic representation of G n (A) ~ 
GLi(Ae) x GL„(A_f). Assume that 

• n 1 ~ n 1 o e, 

• 11^ is generic and iE^-cohomological, 

• Ram Q (II) C Spl F/F2i Q, 

• II 1 is cuspidal. 

In particular, 11^, ~ 11^, which was defined above. Let &a n be a finite set of 
places of Q such that 

Ram F /Q U RamQ(tn) U RamQ(II) U {p} C 6fi n C Splpy^Q 

and let & = 6fi n U {oo}. 
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Theorem 6.5. Define C G = | ker^Q, G)\ ■ r(G). For each 0<h 1 ,h 2 <n, the 
following equality holds in Groth(G n (AQ [in \i p \ ) x j( hl > h *\Q p ). 

BC &clA{p} (H c (Ig^\L{)){^' & } 

= C G ■ e ■ (-1)^ • [tr 1 ^\i P }][R^ uh2) ^p)], 
where e = ±1 is independent of (hi, h 2 ). 

Proof. The proof goes through identically to the proof of the first part of The- 
orem 6.1 of [Sh3]. We nevertheless give the proof in detail. 

First, we explain the choice of test functions to be used in the trace formula. 
Let (D 6 G H m (G n (A 6 )) and/g fiiAM e C c °°(G„(A efln \ {p} )) be any functions. 
Let (f) 6 and <^e fin \{p} be the BC-transfers of (/™) s and (/ n )e fin \{p} from G„ to 
G n . Let (jf°'P = e ^6 fln \{ P } and choose any <j>' p E C^(j( hl - h ^(Q p )) such that 
4>°°' p (j)' p is an acceptable function. 

For each Ga E £ cll (G) we construct the function <^™ g <G C^°(Gs(A)) associ- 
ated to (j)°°' p 4>' p as above. Recall that (</>f g ) e and (<Pi g )e fin \{p} are the A( , )q\ 
transfers of (f) & and 0e fin \{p}- Recall that we take 

<ffg,oo - e «( A oo) • (-l) q[G) (Hh,Sn) ^2det(^(ip Ga )) ■ 

fa 

where ip^ runs over L-parameters such that f]^Lpfi <~ tp^ and £,(ipn) is the 
algebraic representation of Ga,c such that the L-packet associated to ip.^ is 
ndisc(G3(R), £((ffi) v ). The construction of </>f gp can be found in [Sh2]. 

We will need to define a function which plays the part of a BC-matching 
function for <j>f g for each n. We already have defined (/™) e and /g f \{ P }- We 
take (fnun 2) e = C*((/«)®) and /^ {p} = C*(/§ filAM )- We also define 

:= e*(A) • (-l)"( G )(^, Sr -j)^detK(^ G J) • f GgiS{ipn) 

•Pa 

where ifa runs over L-parameters such that fj^ipfi ~ and S(<p^) is the alge- 
braic representation of arising from £(<pa). It is straightforward to verify 
from their definitions that /£, and </>f giOCI are BC-matching functions. Finally, 
we choose f p so that its BC-transfer is ^ ;P - (Since p splits in _E it can be 
checked that the base change map defined in section 4.2 of [Sh3] is surjective at 
p.) We set 

fn / rrt\& rn rn rn 

J •— U ) ' i6 fm \{p} ' Jp Joo- 

The BC-transfer of /" coincides with <ffi at places outside & (by compatibility 
of transfers), a.tp and at 00. At places in &n n \{p} we know at least that the BC- 
transfer of f n has the same trace as 0™ g against every admissible representation 
of G n (A 6tiA{p} ). 
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By the discussion following Proposition 6.1, we can compute 

tr(0^>^ c (lg(^\^)) (7) 
via the spectral part of the twisted formula, to get 

c G (-i) h ^ Ux>( n ecr)^)+ £ fc-V 1 '" 2 ) 

V n' G„ 1 ,„ 2 ,„ 1 ^„ 2 

. 1 xG n /2,n/2^/ rn/2.n/2\ 
T 2 -'spec U J 

^ !U w| 'det(rt- l) oS ,.|- 1 2tr(n-Ind§» (II' M ) ? (/") o ^_ 



M 



(8) 

where the first sum runs over ^-stable subrepresentations II' of i?G„,disc, the 
sums in the middle run over groups G ni .„ 2 coming from elliptic endoscopic 
groups G ni .n 2 for G (with m > n 2 > and some (ni,n 2 ) possibly excluded). 
The group M runs over proper Levi subgroups of G n containing a fixed minimal 
Levi and II' M runs over <I>~ ^-stable subrepresentations II ' M of Rm, disc- 

We claim that the formula above holds for any ^°° ,p 0p, without the assump- 
tion that it is an acceptable function. To see this, note that Lemma 6.3 of 
[Shi] guarantees that there exists some element fr s e j( h iM) (Q p ) such that 
<j>°°' p {<t> p ) {N) {g) = 4>°°- p {gW p {gUr s ) N ) is acceptable for any sufficiently large N. 
(The paper [Shi] treats general Igusa varieties, and it is easy to check that our 
case is covered.) So the equality of (7) and (8) holds when <\>' is replaced by 
(4>') W . Both (7) and (8) are finite linear combinations of terms of the form 
trp^pW) where p G Irr( j( h ^) (Q p )). In order to see that this is true for 
(8), we need to translate it from computing the trace of /" to computing the 
trace of </>™ g to computing the trace of (j>' p , using Lemmas 6.3 and 6.4. Now the 
same argument as that for Lemma 6.4 of [Shi] shows that (7) and (8) are equal 
for ^°°' p (^) p )^ N ^ for every integer N, in particular for N = 0. Thus, we can work 
with arbitrary </>°° J '<j)' 

Choose a decomposition of the normalized intertwining operators 

A' — A' A' A 1 



Set 



A' A' ^n 1 A' T 



4° 4° 4° 4° 

n 1 n ie n 1 n 1 

n Sfin 



e{±i}, 



where the denominators on the right side are the normalized interwiners cho- 
sen above. In the sum (8), the third term evaluates the trace of /" against 
representations induced from proper Levi subgroups. The second term has a 
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similar form: outside the set & we have the identity (/ n i>™2)S _ £*((/™) e ) and 
formula 4.17 of [Sh3] tells us that 

tm® (C,„ 2 (r) e ) = tr(c„ lina .(n& ))CT) e , 

where Cm,n 2 * i s the transfer from G ni>ni to G„ on the representation-theoretic 
side and consists of taking the parabolic induction of a twist of ITf^. The 
multiplicity one result of Jacquet and Shalika (see page 200 of [AC] ) implies that 
the string of Satake parameters outside a finite set 6 of a cuspidal automorphic 
representation of GL n (Ap) unramified outside & cannot coincide with the string 
of Satake parameters outside 6 of an automorphic representation of GL n (Ap) 
which is a subquotient of a representation induced from a proper Levi subgroup. 
Thus, if we are interested in the Il^-part of tr(0 oo ^^|i Zj ff c (Ig ( ' il ' /l2) , C ( )), then 
only the first term of (8) can contribute to it. 
Thus, we are left to consider 

C G (-l) hl+ha (^Xni.e((D 6 )tr(n^(/S)A» la ) 

+ £ x ( noe((r) e )x(™r / i 1 )] 

(n') e /n!.e J 

where (II') 6 runs over a set of unramified representations of G n (A s ). On the 
other hand, we can also decompose tr((j) 00 ' p (j) p \iiH c (Ig( hl ' h2 \ £^)) into a Im- 
part and (7r') e -parts, where BC((ir') 6 ) ^ IT 1 ' 6 . We conclude as in [Sh3] that 

tr(<^ n \ {p} ^|^ 

(9) 

Now 11^ ~ n H , so tr(n^(/^)A n=o ) = 2(-l)«( G ) = 2. We also have 

tr(n£(#)4> p ) = tum p (^ g J = tr k Redi h ^\n p )(cf>' p ) (10) 

by Lemma 6.3 and 

tr ( n e fl „\{p}(/S tin \{ P }) A n 1 6finUp} ) = tvH7r p (4, 6riA{p} ). (11) 

Putting together (9), (10) and (11) and applying BC &{iii \{ p } we get the desired 
result with e = A'^/A^ which is independent of (hi, h 2 ). □ 

7 Proof of the main theorem 

Let E/Q be an imaginary quadratic field in which p splits. Let Fi/Q be a 
totally real field and let w be a prime of Fi above p. Set F' = EF X . Let 
F2 be a totally real quadratic extension of Q, in which w = w\w 2 splits and 
set F = EF 2 . Let n 6 Z> 2 . Also denote F 2 by F + . Let IT be a cuspidal 
automorphic representation of GL n (Ap'). 

Consider the following assumptions on (E, F' ,F, LI): 
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• (n) v ~ n o C ; 

• IIoo is cohomological for an irreducible algebraic representation S of GL n (F'®q 



Set II = BC F / F i(H) and S° = BC F / F i{E). The following lemma is the same 
as Lemma 7.2 of [Sh3]. 

Lemma 7.1. Let II and S° as above. We can find a character ip : A^/E* — > 
C x and an algebraic representation £c o/ G ewer C satisfying the following 
conditions 

• V>n° = V>°M 

• S° is isomorphic to the restriction o/S to R F /q(GL n ) XqC, where S' is 
obtained from £c by base change from G to G„; 

• Cclpi = "fe, and 

• Ramq(ip) C Spl F/F+ ^. 
Moreover, if I splits in E then 

• ip x = 1 w/iere w is t/ie p2ace akwe 2 induced by l^ 1 t\e- 

Set IT 1 = ip (g) n°. Then II 1 is a cuspidal automorphic representation of 
GLi(A E ) x GL n (A F ). Let £ = *, ; £c> where £c is as in Lemma 7.1. 

Let .Aj/ be the universal abelian variety over X v . Since A\j is smooth 
over Xu, satisfies the conditions in Section 4.3. In particular, Ay S is 

locally etale over a product of semistable schemes. For S,T C {1, . . . , n}, let 



Define the following admissible G(A°°' p )-modules with a commuting contin- 
uous action of G&l{F'/F'): 



C). 



Also define the admissible G(A°°> P ) x (Frob F ) z -module 



Note that is an idempotent on W (A\ 



■lw(m),S,T 



,Ql(k)) and 



■lw(m),S,T 



,Qi(t ( ))=W(Y lw{m) ^ T} £ ( ). 
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Proposition 7.2. For each rational prime I ^ p there is a G(A°°' P ) x (Frobf)' 1 - 
equivariant spectral sequence with a nilpotent operator N 

BC P(Ei' m+m( - i (Iw{m),0[^ 1 ' 6 }) 
BC^WD{H m {X I<m) ,Ci)\Gal { K/K)\^' 6 ]) F - SS ), 

where 

BC P(E l 1 m+m ^ l (Iw{m),C)[Il 1 - e ]) = 

k — l ——i 

The action of N sends BC p (a^H m+m i (-4^ £ (m) , Gr l Gr k RiPQ l {t i :))[Il 1 > e ]) to 
BCPia^+^iAZ^yGr^Gr^Rm^mn 1 ^}). 

Furthermore, there is a second spectral sequence 
BC P(E{- m+m ^(kJ))^BCr(a s H m + m z(AZ\ mr Gr l Gr k R^ 
where 

k+i 

SCf(Sf m+m «- J '(fc,O) = H J +p- s {k,l) 

s=l #S=j+s,#T=j+k+l-s+l 

and 

H^ s (kJ) = BCr>(a iH m +^- k - l +\A^ 

= BCP(H m -V- k - l+1 (Y Iw(m) ,s,T,®i(-j -k + mn 1 ' 6 }). 

Proof. Note that A^ /Ok satisfies the hypotheses of Section 4. We have a 
spectral sequence of G(A°°' P ) x (FrobF) z -modules with a nilpotent operator TV: 

E\ m -\MmU) =► H m (A^ x F , F{„Qi(t)), 

where 

Ei> m -\lw(m),0= H m (A™ i x w ¥,Gr l Gr k RipQi(t)). 

k — l — — i 

N will send H m {A™ ( , Gr l Gr k RipQi(t)) to H m (A™ i , Gr I+1 Gr fe _iity>Qj (t)). 

By Corollary 4.29, we also have a G(A°°' P ) x (Frob]f) z -equivariant spectral 
sequence 

E{ m -\k,l) ff m (^ x F F,Gr'Gr fc i2VQi(*)). 



<S2 



where 

k+i 

£* m -'-(M) = ® Hg T {k,l) 
#T=j+fc+;- s +i 

and 

tf£ s T (fc, = F m -^- fe - i + 1 (^ ST x F F, Qi(t -j-k+ 1)). 

We take t — t$, apply a ? , replace j by j + and take the inverse limit over U p . 
We get two spectral sequences of G(A°° ,P ) x (FrobF) z -modules, converging to 
iP(X Iw ( TO ), C^). We identify iiP(X Iw ( m ), C^) with its associated Weil-Deligne 
representation and we semisimplify the action of Frobenius. After taking II 1 ' - 
isotypical components and applying BC P we get the desired spectral sequences. 

□ 

Corollary 7.3. Keep the assumptions made in the beginning of this section. 
The Weil-Deligne representation 

WD{BC p {H 2n -\X^ (m) ,Cd\ Ga i { K/K)[^' e ])) F - ss 
is pure of weight — 2t^ + 2n — 2. 
Proof. By Proposition 5.10, 

BOP(^'(y Iw(rn) ,s,r,A)[n 1,6 ]) = o 

unless j = 2n — #5 — #T. Thus, the terms of the spectral sequence 

BC P(Ei' m+m t- j (k,l)), 

which are all of the form 

BC p (H m -^- k - l+1 (Y Iw{m)tS ,T,Qi(-j - k + im 1 ' 6 }) 

with #S* = j + s and jf-T = j + k + I — s + 1, vanish unless m = 2n — 2. The 
spectral sequence BC p {E^ m+mi J (k,l)) degenerates at E\ and moreover, the 
terms of the spectral sequence BC P(E l 1 ' m+m ^\lw(m),0[n 1 ' e }) vanish unless 
m = 2n — 2. If m = 2n — 2 then each summand of 

so p (^ ,2T,_2+m< - < (iw(m),0[n 1>6 ]) 

has a filtration with graded pieces 

BCP(fl 2 n -2-2i4- i+ l (7iwWiS7iA( . j . H1))[n l,6] )] 

where k — I = —i. These graded pieces are strictly pure of weight — 2t^ + 
2n — 2 + k — I — 1, which only depends on i. Thus, the whole of 

B<7P(£j' 2 "- 2+ro «- i (Iw(m),0[n 1 ' e ]) 
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is strictly pure of weight — 2t^ + 2n — 2 — i — 1. This second spectral sequence 
also degenerates at La (since iJ*' m ~ 4 = unless m — 2n — 2) and the abutment 
is pure of weight — 2t £ + 2n — 2. Thus, 

BCP(W£>(ff TO (X Iw(m) ,£ £ )lGal(^)[ nl ' 6 ]) Ji '""') 

vanishes for m 7^ 2n — 2 and is pure of weight m^ — 2t^+2n— 2 for m = 2n— 2. □ 

Theorem 7.4. Lei n G Z>2 &e an integer and L be any CM field. Let I be a 
prime and i\ be an isomorphism n : Qi — > C. Let II be a cuspidal automorphic 
representation of GL„(Al) satisfying 

• n v ~no C 

• II is cohomological for some irreducible algebraic representation S. 

Lei 

J2,(n) : Gal(L/L) -> GL„(Q ; ) 

6e ifte Galois representation associated to U by [ShS, CHJ. Let p ^ I and let y be 
a place of L above p. Then we have the following isomorphism of Weil-Deligne 
respresentations 

WD{Rm\GaUL v /L v) ) F - SS * H^n.LjTly). 

Proof. This theorem has been proven by [Sh3] except in the case when n is 
even and S is not slightly regular. In that exceptional case it is still known 
that we have an isomorphism of semisimplified Wl v -representations by [CH], 
so it remains to check that the two monodromy operators N match up. By 
Corollary 5.9, Ily is tempered. This is equivalent to i^ 1 C n .L y (J[y) being pure of 
weight 2n — 2. In order to get an isomorphism of Weil-Deligne representations, 
it suffices to prove that WD(Ri(I\)\ Gal{Ly/Ly) ) is pure. 
We first will find a CM field F' such that 

• F' = EFi , where E is an imaginary quadratic field in which p splits and 
F x = (F') c=1 has [Fx : Q] > 2, 

• F' is soluble and Galois over L, 

• iTp, = BC F t /i(II) is a cuspidal automorphic representation of GL n (Ap,), 
and 

• there is a place p of F above y such that iTp, has an Iwahori fixed vector, 
and a CM field F which is a quadratic extension of F' such that 

• p = pip 2 splits in F, 

• Ram^/Q URamjjfro) U RamQ(n) c Spl F ; F / ; Q, and 

• II^, = BCpj F i (T1 F ,) is a cuspidal automorphic representation of GL n (Ap). 
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To find F and F' we proceed as in the proof of Corollary 5.9. Set U F =U° F (g>ip, 
where tp is chosen as in Lemma 7.1. 
We claim that we have isomorphisms 

c G ■ (Ri(u)\ Gal{Pl/FI) f 2 ~ c G ■ J2,(n° ,)® 2 ~ fif"- 2 (n^) ® iz,^)- 1 , 

where flf(n^) was defined in Section 4. The first isomorphism is clear. The 
second isomorphism can be checked by Chebotarev locally at unramified places, 
using the local global compatibility for R\ (H F , ) and the formula 

MUp) = e C G • [(7T P , o Art^)| Wp , ® Cf^f* , P )®% 

(It can be checked easily, either by computing the weight or by using the spectral 
sequences above that Rf(H F ) ^ if and only if k = 2n — 2 and thus that 
e = (-1) 2 "- 2 = 1.) 
We also have 

BCP(H 2n - 2 (X lw(m) ,CmF 6 }) * (dimnl w ^)-^n^®R 2n - 2 (Il F ) 

as admissible representations of G(A°°' P ) x Gal(F'/F'). By Corollary 7.3, 
WD (R 2n ~ 2 (Tip )\oal(F^/Fp) is P ure of weight 2n - 2. By Lemma 1.7 of [TY], 

is also pure. The monodromy operator acts on the i?/(n^,) (8l2 |vy F , as 1 ® N + 
N (g) 1, where N is the monodromy operator on Ri(H° F ,)\w , ■ If the latter was 
pure as a Weil-Deligne representation, the former would have to be pure as 
well. Moreover, for each Wpv -representation there is at most one choice for 
the monodromy operator which makes it a pure Weil-Deligne representation. 
Thus, WD(Ri(IL F ,)\ Gal (pt / F t-)) has to be pure. By Lemma 1.4 of [TY], purity 
is preserved under finite extensions, so W D(Ri(U)\ Gal ^i v / L j) is also pure. □ 

References 

[AC] Arthur, J. and Clozel, L.: Simple algebras, base change, and the advanced 
theory of the trace formula, Princeton University Press, no. 120, Ann. of 
Math. Studies, Princeton, New Jersey (1989). 

[Art] Arthur, J.: The invariant trace formula II, Global theory, J. Amer. Math. 
Soc. 1 (1988), 501-554. 

[Bad] Badulescu, A.L: Jacquet-Langlands et unitarisabilite, J. Inst. Math. 
Jussieu 6 (2007), 349-379. 

[Be] Beilinson, A. A.: On the derived category of perverse sheaves, in if-theory, 
arithmetic and geometry (Moscow, 1984-1986) Lecture Notes in Math., 
1289, Springer Berlin, (1987), 27-41. 



85 



[BBD] Bcilinson, A. A., Bernstein, J. and Deligne, P.: Faisceaux pervers, Aster- 
isque 100, SMF (1982). 

[BZ] Bernstein, I.N and Zelevinsky, A.V.: Induced representations of reductive 
p-adic groups I, Ann. Sci. ENS (4) 10 (1997), 441-472. 

[Bor] Borel, A.: Automorphic L-functions, pp. 27-61 in Borel and Casselman 
(eds.): Automorphic forms, representations and L-functions, Proc. of Symp. 
in Pure Math., vol. 33.2, Providence, RI, AMS, Amer. Math. Soc, 1979. 

[CH] Chenevier, G. and Harris, M.: Construction of automorphic Galois repre- 
sentations, II, http://people.math.jussieu.fr/~harris/ConstructionII.pdf. 

[Cll] Clozel, L.: Representations galoisiennes associes aux representations au- 
tomorphes autoduales de GL(n), Publ. Math. I.H.E.S. 73 (1991), 97-145. 

[C12] Clozel, L.: Purity reigns supreme, http:/ /fa. institut.math.jussieu.fr/node/45. 

[D] Drinfeld, V. G.: Elliptic modules, Math. USSR Sbornik 23 (1974), no. 4, 
561-592. 

[EGA3] Grothendieck, A. and Dieudonne, J.: Elements de geometrie algebrique 

III. Etude cohomologique des faisceaux coherents, Seconde partie, Publ. 
Math. I.H.E.S. 17 (1963), 5-91. 

[EGA4] Grothendieck, A and Dieudonne, J.: Elements de geometrie algebrique 

IV. Etude locale des schemas et des morphismes de schemas, Quatrieme 
partie, Publ. Math. I.H.E.S. 32 (1967), 5-361. 

[E] Ekedahl, T.: On the adic formalism, in The Grothendieck Festschrift Vol- 
ume II, Progress in Math, Birkhauser 87, (1990), 197-218. 

[HT] Harris, M. and Taylor, R.: The geometry and cohomology of some simple 
Shimura varieties, Princeton University Press, no. 151, Annals of Math. 
Studies, Princeton, New Jersey (2001). 

[II] Illusie, L.: An overview of the work of K. Fujiwara, K. Kato, and C. 
Nakayama on logarithmic etale cohomology, Cohomologies p-adiques et ap- 
plications arithmetiques (II), Asterisque 279 (2002), 271-322. 

[12] Illusie, L.: Autour du theoreme de monodromie locale, Periodes p-adiques, 
Asterisque 223 (1994), 9-58. 

[K] Kato, K.: Logarithmic structures of Fontaine- Illusie. 

[KN] Kato, K. and Nakayama, C: Log Betti cohomology, log etale cohomology, 
and log de Rham cohomology of log schemes over C, Kodai. Math. J. 22 
(1999), 161-186. 

[Kol] Kottwitz, R.: Points on some Shimura varieties over finite fields, Jour, of 
the AMS 5 (1992), 373-444. 



86 



[Ko2] Kottwitz, R: On the A-adic representations associated to some simple 
Shimura varieties, Invent. Math. 108 (1992), 653-665. 

[Lan] Lan, K.-W.: Arithmetic compactifications of PEL-type Shimura varieties, 
Harvard thesis (2008). 

[Man] Mantovan, E.: On the cohomology of certain PEL-type Shimura varieties, 
Duke Math. 129 (2005), 573-610. 

[Na] Nakayama, O: Nearby cycles for log smooth families, Comp. Math. 112 
(1998), 45-75. 

[O] Ogus, A.: Relatively coherent log structures, Preprint. 

[RZ] Rapoport, M. and Zink, Th.: Uber die lokale Zetafunktion von Shimu- 
ravarietaten. Monodromiefiltration und verschwindende Zyklen in ungle- 
icher Charakteristik, Invent. Math. 68 (1982), 21-101. 

[Re] Reich, R.: Notes on Beilinson's "How to glue perverse sheaves", 
arXiv:math.AG/1002.1686vl. 

[Sal] Saito, M.: Modules de Hodge polarisables, Publ. RIMS 24 (1988), 849- 
995. 

[Sa2] Saito, T.: Weight spectral sequences and independence of I, Journal of 
the Inst. Math. Jussieu (2003) 2(4), 583-634. 

[She] Shelstad, D.: L-indistinguishability for real groups, Math. Ann. 259 
(1982), 385-430. 

[Shi] Shin, S. W.: Counting points on Shimura varieties, Duke Math. 146 
(2009), 509-568. 

[Sh2] Shin, S.W.: Stable trace formula for Igusa varieties, J. Inst. Math. Jussieu 
9 (4), (2010), 847-895. 

[Sh3] Shin, S. W.: Galois representations arising from some compact Shimura 
varieties, preprint (2009), to appear in Ann. of Math. 

[SGA4] Artin, M., Grothendieck, A. and Verdier, J.-L.: Theorie des topos et 
cohomologie etale des schemas, Lect. Notes Math. 305 (1972). 

[SGA7] Grothendieck, A., Deligne, P. and Katz, N., with Raynaud, M. and 
Rim, D. S.: Groupes de monodromie en geometrie algebriques, Lect. Notes 
Math. 288, 340 (1972-73). 

[Tad] Tadic, M.: Classification of unitary representations in irreducible repre- 
sentations of general linear group (non-archimeadean case), Ann. Sci. E.N.S. 
19 (1986), 335-382. 

[Tat] Tate, J.: Classes d'isogenie des varietes abeliennes sur un corps fini, Sem- 
inaire Bourbaki 352, Lect. Notes Math. 179 (1971). 



87 



[TY] Taylor, R. and Yoshida, T.: Compatibility of local and global Langlands 
correspondences, J. Amer. Math. Soc. 20 (2) (2007), 467-493. 

[Y] Yoshida, T.: On non-abelian Lubin-Tate theory via vanishing cycles, to 
appear in Adv. Stud, in Pure Math. 



88 



